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I N T R O D U C T I O N   A N D   S U M M A R Y  

For some time, the e f f e c t s   o f  nonhomogeneous  behavior  on the 
s p e c t r a   o f   a t m o s p h e r i c   t u r b u l e n c e   r e c o r d s   h a v e   b e e n   d e b a t e d .   S e e ,  
f o r   e x a m p l e ,   F i g .  19 and the  a c c o m p a n y i n g   d i s c u s s i o n   i n  t h e  review 
paper   "Atmospheric   Turbulence"  by  Houbolt  [Z]. It can be a rgued  
t h a t   f o r  homogeneous, i s o t r o p i c   t u r b u l e n c e ,  t h e  von Karman spec-  
trum s h o u l d   p r o v i d e  a good f i t  t o   e x p e r i m e n t a l l y   d e t e r m i n e d   s p e c -  
t ra  [2,2]. I n  some s i t u a t i o n s ,   a n   e x c e l l e n t  f i t  has been ob- 
t a i n e d ;   i n   o t h e r s ,   e x p e r i m e n t a l l y   d e t e r m i n e d   s p e c t r a  have exhib-  
i t e d  a cons iderably   more   rounded  "knee.If t h a n  wo.uld b e   p r e d i c t e d  
by t h e  von Karman spec t rum.  T h i s  round ing   o f   t he   knee  has been 
a t t r i b u t e d  by  some i n v e s t i g a t o r s   t o  nonhomogeneous  behavior  of 
the  t u r b u l e n c e   r e c o r d s   f r o m   w h i c h   t h e   s p e c t r a  were computed. 

The p u r p o s e   o f  the  work r e p o r t e d   h e r e i n  has b e e n   t o   d e t e r m i n e  
under  what c o n d i t i o n s  nonhomogeneous   behavior   can   be   expec ted   to  
c a u s e   m e a s u r a b l e   d e v i a t i o n s   f r o m  t h e  s p e c t r a  t h a t  would  have  been 
obtained  f rom  "comparable"   homogeneous  records.  T h i s  s t a t e m e n t  
can   be   g iven  a concre te   meaning  by assuming t h a t  t h e  t u r b u l e n c e  
ve loc i ty   r eco rds   unde r   cons ide ra t ion   have   t he   fo rm*  

< z * >  = 1 . ( l . l b ,  3 . l b )  

I n   t h e   a b o v e   e q u a t i o n s ,  x d e n o t e s  a s p a t i a l   c o o r d i n a t e  t ha t  may be. 
ob ta ined   f rom  r eco rds   measu red  as a f u n c t i o n   o f   t i m e  t by u s i n g  
T a y l o r ' s   h y p o t h e s i s ,   i . e . ,  x = V t ,  where V i s  the   speed   o f  the  a i r -  
c r a f t  making  the  measurements .  The f u n c t i o n  z ( x )  i s  assumed t o   b e  
drawn  from a homogeneous ( i . e . ,  s t a t i o n a r y )  random  process  w i t h  
u n i t   v a r i a n c e ,  and t h e  nonhomogeneous s t a n d a r d  d e v i a t i o n   u ( x )  may 
be r e g a r d e d  as e i t h e r  a d e t e r m i n i s t i c   f u n c t i o n   o r  a sample   func t ion  
drawn  from a random  process .   The   func t ion  u ( x )  i s ,  b y  d e f i n i t i o n ,  
nonnega t ive .  A random  process  w(x )  t h a t  has t h e   f o r m   o f  E q .  (1.1) 
has been   g iven  the  name "uniformly  modulated" [ 3 , 4 ] .  

If  t h e   p r o c e s s  z ( x >  i n  E q .  (1.1) i s  assumed t o  be  G a u s s i a n   i n  
a d d i t i o n  t o  being  homogeneous,   then i t s  power s p e c t r a l   d e n s i t y   c a n  
b e   m e a s u r e d   b y   " i n f i n i t e l y   c l i p p i n g "   ( i . e . ,  hard  c l i p p i n g )  a 

*Most o f  t h e  e q u a t i o n s   i n  t h i s  i n t r o d u c t o r y   s e c t i o n   h a v e  two num- 
bers .  The f irst  number d e s i g n a t e s   t h e   o r d e r  of a p p e a r a n c e   o f   t h e  
e q u a t i o n   i n   t h e   p r e s e n t   s e c t i o n ;   t h e   s e c o n d  number d e s i g n a t e s  t he  
number a s s o c i a t e d  w i t h  t h e  same e q u a t i o n ,  as i t  a p p e a r s   l a t e r   i n  
t h e  r e p o r t  where t h e  material i s  t r e a t e . d   i n  d e t a i l .  



t u r b u l e n c e   r e c o r d   w ( x )  t ha t  i s  assumed t o   h a v e  t he  form  of  Eq .  
(1.1). T h i s  may be s e e n  by first r e c o g n i z i n g  t ha t ,  s i n c e   a ( x )  i s  
n o n n e g a t i v e ,   t h e   z e r o   c r o s s i n g s   o f   w ( x )   a n d   z ( x ) ,   a n d  the  s i g n s  
o f  w(x) a n d   z ( x ) ,   b o t h   m u s t  be i d e n t i c a l .  We c a n ,   t h e r e f o r e ,  
c o n s t r u c t   t h e   a u t o c o r r e l a t i o n   f u n c t i o n   o f   t h e   s a m p l e   f u n c t i o n   z ( x )  
f rom t h e  i n f i n i t e l y   c l i p p e d   s a m p l e   f u n c t i o n   w ( x )   b y   u s i n g  t h e  so- 
c a l l e d   a r c s i n  law [SI. 

= s i n  (1.2, 3 . 2 0 )  

where $,(<) i s  t h e  a u t o c o r r e l a t i o n   f u n c t i o n   o f  t h e  i n f i n i t e l y  
c l i p p e d  sample f u n c t i o n   w ( x )  ( w i t h  a m p l i t u d e s   o f  t h e  hard  c l i p p e d  
v e r s i o n   o f   w ( x )  se t  e q u a l   t o   p l u s  or m i n u s   u n i t y  a f t e r  c l i p p i n g ) ,  
and where $ z ( E )  i s  t h e  a u t o c o r r e l a t i o n   f u n c t i o n   o f   z ( x ) .  The model 
desc r ibed  by  Eq. (1.1) t h e r e f o r e   p r o v i d e s   u s  w i t h  a method  of mea- 
s u r i n g  the  f o r m   o f  t he  spec t rum  o f  a homogeneous   record   z (x)  t h a t  
i s  "comparable ' !   to  t h e  nonhomogeneous   record   w(x)   except   for  t h e  
nonhomogeneous  behavior; t h i s  spec t rum i s  o b t a i n e d  by  forming t h e  
F o u r i e r   t r a n s f o r m   o f   $ z ( c ) ,   w h i c h  may be unambiguously  computed 
from t h e  r e c o r d   w ( x )  by  i n f i n i t e   c l i p p i n g   a n d   u s i n g   E q .  ( 1 . 2 ) .  If 
t h e   s h a p e   o f   t h e   s p e c t r u m   o b t a i n e d   i n  t h i s  f a s h i o n  i s ,  e x c e p t   f o r  
s t a t i s t i c a l   v a r i a t i o n s ,  t h e  same as t h e  shape   of  t h e  spec t rum com- 
puted   f rom t h e  nonhomogeneous  record w(x) i n   t h e   u s u a l  way, t h e n  
w e  must   conclude t ha t  t h e  nonhomogeneous  behavior  of t h e  v a r i a n c e  
cr2(x) has had no m e a s u r a b l e   e f f e c t   o n  t h e  spec t rum  o f  w ( x ) .  The 
s p e c t r a   o f  th ree  expe r imen ta l   r eco rds   have   been   computed   i n   bo th  
o f  t h e  above ways i n  t h e  work r e p o r t e d   o n   h e r e i n .  

U s i n g   a s s u m p t i o n s   o r  estimates o f  t h e  f u n c t i o n   o ( x )   i n  Eq. 
(l.l), o r   o f  i t s  a u t o c o r r e l a t i o n   f u n c t i o n ,  we may compute t h e  
spectrum  of   w(x)   f rom t h e  spec t rum  o f  o(x) and t h e  spec t rum  of  
z ( x ) ,  where t h e  s p e c t r u m   o f   z ( x )  i s  o b t a i n e d  by  c l i p p i n g   w ( x )   a n d  
u s i n g  the  " a r c s i n  law" c o r r e c t i o n  as  e x p l a i n e d   a b o v e .   S i n c e  we a re  
d e a l i n g  w i t h  nonhomogeneous  processes,  t h e  method  used i n  t h i s  
r e p o r t  i s  t o  c o m p u t e   t h e   i n s t a n t a n e o u s   s p e c t r u m  [ 6 , 7 ]  of  t h e  
p r o c e s s   w ( x ) .  The i n s t a n t a n e o u s   s p e c t r u m   p o s s e s s e s   t h e   i m p o r t a n t  
p r o p e r t y  t h a t  i t s  time a v e r a g e   y i e l d s  t h e  u s u a l   p o w e r   s p e c t r a l  
d e n s i t y   o f   t h e   p r o c e s s   b e i n g   d e s c r i b e d .   T h u s ,   p o t e n t i a l   e f f e c t s  
o f   t i m e - l o c a l i z e d   n o n s t a t i o n a r y   b e h a v i o r  w i l l  show  up c l e a r l y   i n  
the  ins t an taneous   spec t rum;  whereas, i n  computing t h e  time ave r -  
a g e   a s s o c i a t e d  wi th  t h e  u s u a l   p o w e r   s p e c t r u m ,   t h e s e   l o c a l i z e d  ef-  
f e c t s   c a n  b e  a v e r a g e d   o u t .  An a d d i t i o n a l   a d v a n t a g e   o f  t h e  i n s t a n -  
t a n e o u s   s p e c t r u m   d e s c r i p t i o n   o f   n o n s t a t i o n a r y   p r o c e s s e s  i s  tha t  i t  
p o s s e s s e s   e x a c t   i n p u t - r e s p o n s e   r e l a t i o n s h i p s  - e . g . ,   f o r  computa- 
t i o n   o f  t he  i n s t a n t a n e o u s   s p e c t r a   o f   a i r c r a f t   r e s p o n s e s  171. 
R e l e v a n t   p r o p e r t i e s   o f  t h e  i n s t a n t a n e o u s   s p e c t r u m  are reviewed 
i n   S e c .  2 of  t h i s  r e p o r t .   G e n e r a l   e x p r e s s i o n s   f o r  t h e  i n s t a n t a -  
n e o u s   s p e c t r a   o f  t h e  c l a s s   o f  nonhomogeneous  processes  w(x) 
d e f i n e d  by E q .  (1.1) are d e r v i e d   i n   S e c .  3 f o r   c a s e s  where ~ ( x )  
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i s  regarded as a d e t e r m i n i s t i c   f u n c t i o n ,  a homogeneous  random 
p r o c e s s ,   a n d   a n   e r g o d i c   p r o c e s s .  

To a s c e r t a i n  the  impor t ance   o f  t h e  f l u c t u a t i n g   b e h a v i o r   o f  
a ( x )   o n  t h e  in s t an taneous   spec t rum  o f   w(x ) ,  a new se r i e s  expans ion  
o f  t h e  i n s t a n t a n e o u s   s p e c t r u m   o f   w ( x )  i s  d e r i v e d   i n   S e c .  4 .  The 
f i r s t  term i n  t h i s  ser ies  expans ion  i s  t h e  usual  quasi-homogeneous 
s p e c t r u m   r e p r e s e n t a t i o n  

where Q z ( k )  i s  t h e  power  spectrum  of t h e  homogeneous  component z ( x )  
o f  t h e  p r o c e s s   d e f i n e d  by Eq. (1.1). The c o e f f i c i e n t   o f  t he  n t h  
term i n  t h e  expans ion  i s  shown t o  b e  p r o p o r t i o n a l   t o  (L,/L,)"; 
where Lz i s  t h e  i n t e g r a l   s c a l e   o f  t h e  homogeneous  component z ( x )  
o f  t h e  t u r b u l e n c e ,  Lo i s  a l e n g t h   s c a l e   a s s o c i a t e d   w i t h  t h e  modu- 
l a t i n g   f u n c t i o n  ~(x), and where the   quas i -homogeneous   approximat ion  
p r o v i d e d  by t h e  f i r s t  term i s  counted  as n = 0 .  Thus,.  whenever 
a ( x )   v a r i e s   s l o w l y   i n   c o m p a r i s o n  w i t h  z ( x )  t h e  expans ion   o f  t h e  
i n s t a n t a n e o u s   s p e c t r u m  O ( k , x )  w i l l  c o n v e r g e   q u i c k l y .  

W 

S i n c e  t h e  s p e c t r a l   f o r m   o f  t he  f i r s t  term desc r ibed   by  E q .  
(1 .3)  i s  t h e  same as t h a t  o f  t h e  p r o c e s s   z ( x ) ,  we can   de t e rmine  
whether t h e  nonhomogeneous  behavior   of  t h e  p r o c e s s   w ( x )  i s  s u f f i -  
c i e n t l y   r a p i d   t o   a f f e c t  t h e  spec t rum  by   looking  a t  t h e  behav io r  
o f  second term o f  t h e  se r ies  e x p a n s i o n   o f   Q w ( k , x ) .  The f i r s t  two 
terms o f  t h e  expans ion  may b e  e x p r e s s e d  as 

Ow(k,x)  z a2(x) O z ( k )  - ~ d 2 R n a ( x )  O ( 2 ) ( k ) ]  , ( 1 . 4 ,  4 . 5 3 )  
1 6 ~  dx2  Z 

where Qi2)(k) d e n o t e s   t h e   s e c o n d   d e r i v a t i v e   o f   t h e  power  spectrum 
Q z ( k )  o f  t h e  p r o c e s s  z(x). Thus, i f  l d2 [Rna(x ) ] /dx21  i s  s u f f i -  
c i e n t l y  l a rge ,  t h e  shape o f  t h e  spec t rum w i l l  b e  a f f e c t e d  by t h e  
n o n h o m o g e n e o u s   b e h a v i o r   o f   a ( x ) .   I n   S e e .  4 ,  i t  i s  shown tha t  t h e  
i n t e g r a l  w i t h  r e s p e c t   t o  x o f  t he  second term i n  t h e  r igh t -hand  
s ide  o f  Eq. ( 1 . 4 )  a lways  has t h e  e f f e c t   o f   s m o o t h i n g  t h e  knee ,  
whenever Q z ( k )  i s  the  ( t r a n s v e r s e )   v o n  Karman spec t rum.  It i s  a l s o  
shown there  t h a t  t h e  shape of  t h e  von Karman spec t rum w i l l ,  f o r  
p r a c t i c a l   p u r p o s e s ,   b e . u n c h a n g e d  by t h e  nonhomogeneous  behavior 
whenever 

where Lz i s  t h e  i n t e g r a l   s c a l e  of t h e  s t a t i o n a r y  component z ( x ) .  
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For t he   ca . se  where the  homogeneous  component z(x) i n  E q .  (1.1) 
i s  assumed t o  have a von Karman t r a n s v e r s e   s p e c t r u m ,   t h e   t w o - t e r m  
expans ion  o f  Eq.  (1.4) i s  e v a l u a t e d   i n   S e c .  4 f o r  +,wo a n a l y t i c a l  
forms o f  ~(x), w h i c h   r e p r e s e n t   a n   a b r u p t   o n s e t   o f   t u r b u l e n c e   a n d  a 
b u r s t   o f   t u r b u l e n c e .   I n   t h e   e x a m p l e   o f  t h e  a b r u p t   o n s e t   o f   t u r b u -  
l e n c e ,  l e t  L, deno te   t he   nomina l  " r ise  l e n g t h "  ( i . e . ,  V times the  
r i s e  t ime) o f  t h e  m o d u l a t i n g   f u n c t i o n   , ( x ) .   F o r  t h i s  c a s e ,  i t  i s  
shown t h a t  when Lo*? 1 0  L,, t h e   e f f e c t s   o f  t h e  nonhomogeneous 
b e h a v i o r  w i l l  b e  v l r t u a l l y   u n d e t e c t a b l e   i n  t h e  i n s t a n t a n e o u s   s p e c -  
trum; whereas, when L, < 5 L,, t h e  i n s t a n t a n e o u s   s p e c t r u m  w i l l  d i s -  
p l a y  a s t r o n g l y   r o u n d e d   k n e e   f o r   v a l u e s   o f  x i n  t h e  v i c i n i t y   o f  the  
r i s e  o f   ~ ( x ) .  

I n  t h e  example   o f  t h e  b u r s t  o f   t u r b u l e n c e ,  l e t  L, denote   ap-  
p r o x i m a t e l y   o n e - h a l f   o f  t h e  t o t a l   l e n g t h   o f  t h e  b u r s t .   F o r  t h i s  
c a s e ,  i t  i s  shown i n   S e c .  4 t h a t  when L, 4 1 3  L, t h e  e f f e c t s   o f a t h e  
nonhomogeneous   behavior   o f   , (x )  w i l l  b e  v l r t u a l l y   u n d e t e c t a b l e   i n  
t he  i n s t a n t a n e o u s   s p e c t r u m ;  whereas, when L, 5 7 L, t h e  i n s t a n t a -  
neous   spec t rum w i l l  d i s p l a y  a s t r o n g l y   r o u n d e d   k n e e   f o r  a l l  v a l u e s  
o f   x .  

The v e r t i c a l   t r a c e   o f  t h e  v e l o c i t y   r e c o r d   d i s p l a y e d   i n   F i g .  11 
of  t h i s  r e p o r t  has s i x   " b u r s t s "   o f   t u r b u l e n c e   i d e n t i f i e d  by  arrows 
on t h e  r e c o r d .   A c c o r d i n g   t o  t h e  a b o v e   c r i t e r i a ,  i t  i s  shown i n  
Sec .  4 that t h e  f i r s t  two and l a s t  two b u r s t s  shown  on t h e  r e c o r d  
w i l l  c a u s e   s t r o n g   s m o o t h i n g   o f  t h e  knee   o f  t h e  von Karman t r a n s -  
v e r s e   s p e c t r u m ;  whereas. t h e  middle  two b u r s t s   w o u l d   p r o b a b l y   c a u s e  
weak b u t   d e t e c t a b l e   s m o o t h i n g   o f  the  k n e e .   B u r s t s  w i t h  d u r a t i o n s  
a p p r e c i a b l y   l o n g e r   t h a n  t h e  d u r a t i o n s   o f  t h e  middle  two b u r s t s  
shown i n   F i g .  11 would   cause   unde tec t ab le   smoo th ing   o f   t he   knee .  

To v e r i f y  t h e  a b o v e   t h e o r e t i c a l   c o n c l u s i o n s ,  we processed   two 
nonhomogeneous   tu rbulence   records   us ing  t h e  t e c h n i q u e s   d e v e l o p e d  
d u r i n g  t h e  program. Our p r e d i c t i o n s   i n d i c a t e d  t h a t  t h e  nonhomoge- 
n e o u s   b e h a v i o r   o f   n e i t h e r   r e c o r d   o c c u r r e d   s u f f i c i e n t l y   r a p i d l y   t o  
have a m e a s u r a b l e   e f f e c t   o n  i t s  spec t rum.  Th i s  p r e d i c t i o n  was 
e x p e r i m e n t a l l y   v e r i f i e d ,   s i n c e  t h e  spec t ra   computed   f rom t h e  i n -  
f i n i t e l y   c l i p p e d   r e c o r d s ,  a f t e r  c o r r e c t i o n   u s i n g  t h e  " a r c s i n  law" 
o f  Eq. ( 1 . 2 )  above,  were e s s e n t i a l l y   i d e n t i c a l  w i t h  t h e  s p e c t r a  
computed i n  t h e  u s u a l  way from t h e  r e c o r d s   w ( x ) .  The nonhomo- 
g e n e o u s   m o d u l a t i n g   f u n c t i o n  ,(x) o f   o n e   o f  t h e  r e c o r d s  was t h e n  
l e n g t h   s c a l e d ,   a n d  the  spec t ra   computed   f rom t h i s  s c a l e d   v e r s i o n  
o f  t h e  o r i g i n a l   r e c o r d  were shown t o  be  in   comple t e   ag reemen t  w i th  
the  conclusions  drawn  f rom t h e  b u r s t - o f - t u r b u l e n c e   e x a m p l e   d e s c r i b e d  
above.  

The a u t h o r s  wish t o   a c k n o w l e d g e   t h e   e f f o r t s   o f  Mr. E.  Turner  
o f  t h e  A i r  F o r c e   F l i g h t  Dynamics  Laboratory,  who s u p p l i e d  the  LO- 
LOCAT tapes ,   and   Major  D . J .  Golden ,   former ly  w i t h  t h e  A i r  Force  
F l i g h t  Dynamics  Laboratory,  who was e s p e c i a l l y   h e l p f u l   i n  t he  e a r l y  
s t a g e s   o f  t h e  work. The t y p i n g   o f  t h e  r e p o r t  was c a r r i e d   o u t  by 
Ms. Char lo t t e   Eordek ian ,   and  t h e  f i n a l   i l l u s t r a t i o n s  were p r e p a r e d  
by Ms. L a u r a   S e l v i t e l l a .  
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RELEVANT  PROPERTIES O F  THE  INSTANTANEOUS 
POWER SPECTRUM 

The method  used i n  t h i s  r e p o r t   t o   s t u d y  the  e f f e c t s   o f  non- 
s t a t i o n a r y   b e h a v i o r   o n  t h e  s p e c t r a   o f   t u r b u l e n c e  i s  based on the  
i n s t a n t a n e o u s   p o w e r   s p e c t r a l   d e n s i t y .   T h e   i n s t a n t a n e o u s   s p e c t r u m  
and  some o f  i t s  p r o p e r t i e s  are r e v i e w e d   i n  t h e  p r e s e n t   s e c t i o n .  
The d e v e l o p m e n t   f o l l o w s   c l o s e l y  t h e  work  of Mark [7]. 

T h e   I n s t a n t a n e o u s   P o w e r   S p e c t r u m  

Consider  a r e c o r d  w ( t )  o f   t u r b u l e n c e   v e l o c i t i e s .  We shall  as- 
sume t h a t  w ( t )  i s  a sample f u n c t i o n   f r o m  a g e n e r a l l y   n o n s t a t i o n a r y  
random  process  { w ( t ) ) .  Fo l lowing   Benda t   and   P i e r so l  [SI and Mark 
[ 7 ] ,  we may d e f i n e   a n   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n   f o r  
t h e  p r o c e s s  { w ( t ) )  as 

+ w ( T , t )  = < w ( t - - )  w ( t + l - ) >  , a T 
2 2 

where t h e  a n g u l a r   b r a c k e t s  sha l l  d e n o t e   e v e r y w h e r e   i n  t h i s  r e p o r t  
an   ensemble   ave rage .*   Aga in   fo l lowing   Benda t   and   P i e r so l  [ S I  and 
Mark [ 7 ] ,  we may d e f i n e  t h e  i n s t a n t a n e o u s   p o w e r   s p e c t r a l   d e n s i t y  
o f  { w ( t ) l  as 

00 

= 2 I G W ( - r , t )  c o s  (2.rrf-r)d-r , 
0 

( 2 . 2 a )  

( 2 . 2 b )  

( 2 . 2 c )  

where t h e  second  and t h i r d  l i n e s   f o l l o w   f r o m  t h e  f a c t  t ha t  G W ( ~ , t )  
i s  a r e a l  and   even   func t ion   o f  T. From E q .  ( 2 . 2 b ) ,  i t  i s  i m e d i -  
a t e l y   e v i d e n t  t ha t  t h e  i n s t a n t a n e o u s   s p e c t r u m  @ w ( f , t )  i s  r e a l  and 
i s  a n   e v e n   f u n c t i o n   o f   f r e q u e n c y  f .  

From t h e  F o u r i e r  mate t o  E q .  ( 2 . 2 a ) ,  we may e x p r e s s   G W ( ' r , t )  
i n  terms o f  O W ( f , t ) :  

* In   Sec .  4, a n g u l a r   b r a c k e t s  w i t h  a s u b s c r i p t  x are  u s e d   t o   d e n o t e  
a s p a c e   a v e r a g e   o v e r  t h e  c o o r d i n a t e  x. 
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I 

- - @,( f , t )  c o s   ( 2 1 ~ f ~ ) d f  

where ,   aga in ,   t he   s econd   and   t h i rd  l i n e s  a r e  a consequence o f  t h e  
f a c t  t h a t  Q w ( f , t )  i s  r e a l  and i s  a n   e v e n   f u n c t i o n   o f  f .  

To p r o v i d e   m o t i v a t i o n   f o r  t h e  term " ins t an taneous   power  
spectrum",  we n o t e  t h a t  by  s u b s t i t u t i n g  Eq .  ( 2 . 1 )  i n t o   t h e  l e f t -  
hand s ides  o f  E q s .  (2 .3b)   and  ( 2 . 3 ~ )  a n d   s e t t i n g  T = 0 i n   t h e  
r e s u l t i n g   e x p r e s s i o n s ,  we have 

,co 

co 

= 2 I Q w ( f , t ) d f  . 
0 

( 2 . 4 a )  

( 2 . 4 b )  

Hence, Qw( f , t )  i s  a f requency   decomposi t ion  o f  t h e   e x p e c t e d  
" ins t an taneous   power"  <w2(t)> o f   t h e   p r o c e s s  (w(t)l. Fur the rmore ,  
i n   t h e   c a s e   o f  a s t a t i o n a r y   p r o c e s s  w ( t ) ,  we have 

where R,(T) i s  t h e  u s u a l   d e f i n i t i o n   o f  t h e  a u t o c o r r e l a t i o n   f u n c t i o n  
o f  a s t a t i o n a r y   p r o c e s s .  It f o l l o w s   d i r e c t l y   f r o m  Eq.  ( 2 . 5 )  and 
t h e   d e f i n i t i o n  o f  E q .  ( 2 . 2 ) ,  tha t  t h e   i n s t a n t a n e o u s   s p e c t r u m  
QW(f , t )  i s  independent   of  t i n   t h e   c a s e   o f   s t a t i o n a r y   p r o c e s s e s  
a n d   t h a t  i t  r e d u c e s   t o   t h e   u s u a l   d e f i n i t i o n   o f   t h e  power s p e c t r a l  
d e n s i t y   i n  these  c a s e s .  

I n   t h e   c a s e   o f   e r g o d i c   p r o c e s s e s  w i t h  z e r o  mean v a l u e ,  we have 
f o r   t h e   u s u a l   a u t o c o r r e l a t i o n   f u n c t i o n  
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( 2 . 6 a )  

(2 .6b)  

where i t  i s  as sumed   t ha t  @ w ( ~ , t )  d e c a y s   t o   z e r o   s u f f i c i e n t l y  fas t  
as a f u n c t i o n   o f  T s o  tha t  t h e   a b o v e  limits e x i s t .   N o t i c e  t h a t ,  i n  
Eq .  ( 2 . 6 b ) ,  w e  h a v e   w r i t t e n  

i . e . ,  no   ensemble   average  has b e e n   t a k e n .   C o n s e q u e n t l y ,   f o r   a n  
e r g o d i c   p r o c e s s ,  i t  f o l l o w s   t h a t   t h e   u s u a l   p o w e r   s p e c t r a l   d e n s i t y  
may be o b t a i n e d   f r o m  a t ime a v e r a g e   o f  t h e  i n s t a n t a n e o u s   s p e c t r u m ;  
i . e . ,  

where w e  h a v e   a g a i n  assumed t h a t  t h e  l i m i t  i n  Eq. ( 2 . 8 )  e x i s t s . *  
I n   w o r d s ,   f o r   a n   e r g o d i c   r a n d o m   p r o c e s s ,  t h e  t ime a v e r a g e   o f  t he  
i n s t a n t a n e o u s   s p e c t r u m   o f  a s i n g l e   s a m p l e   f u n c t i o n   a p p r o a c h e s  the  
u s u a l   p o w e r   s p e c t r a l   d e n s i t y   o f  t h e  p r o c e s s  as  t h e  a v e r a g i n g  t ime 
a p p r o a c h e s  a r b i t r a r i l y  l a r g e   v a l u e s .  It w i l l  become e v i d e n t  l a t e r  
t h a t  t h i s  p r o p e r t y   o f  t h e  i n s t a n t a n e o u s   s p e c t r u m  i s  v e r y   i m p o r t a n t  
i n  t h e  p re sen t   work .   O the r   t ime-dependen t   spec t rum  r ep resen ta -  
t i o n s  [SI, d o   n o t   s a t i s f y  t h e  p r o p e r t y   d e s c r i b e d  by  Eq. ( 2 . 8 )  f o r  
t h e  i n s t a n t a n e o u s   s p e c t r u m .  

Input-Response  Relationships 

C o n s i d e r   a n   a i r c r a f t  w i t h  s p a t i a l   e x t e n t   n e g l i g i b l e   i n  com- 
p a r i s o n  w i t h  t h e  s c a l e   o f   t u r b u l e n c e .  We may c h a r a c t e r i z e  t h e  a i r -  
c r a f t  by i t s  r e s p o n s e  h ( t )  t o  a " u n i t   i m p u l s e ' '   o f   t u r b u l e n c e   v e l o -  
c i t y   o c c u r r i n g  a t  t = 0 .  To d i s c u s s  t h e  i n p u t - r e s p o n s e   r e l a t i o n -  
s h i p s   f o r   t h e   a i r c r a f t ,  i t  i s  n e c e s s a r y   t o   d e f i n e  t h e  i n s t a n t a n e o u s  

*For s i m p l i c i t y ,  we have   i gnored  t h e  problem  of  t h e  e x i s t e n c e   o f  
t h e  l i m i t  i n  Eq. ( 2 . 8 ) .  See, for   example,   Davenport   and  Root  191 
pp.  107-108, or Middle ton  [ I O ] .  Our n e g l e c t   o f   t h i s   p o i n t   h a s   n o  
p r a c t i c a l   s i g n i f i c a n c e  f o r  the  p r e s e n t  work. 
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a u t o c o r r e l a t i o n   f u n c t i o n   o f  t he  u n i t - i m p u l s e   r e s p o n s e   f u n c t i o n  h ( t )  
as 

from  which we may d e f i n e  t h e  i n s t a n t a n e o u s   s p e c t r u m  of  h ( t )  as 

(2.10) 

L e t  ( y ( t ) )   d e n o t e   t h e   g e n e r a l l y   n o n s t a t i o n a r y   r e s p o n s e   p r o c e s s  o f  
t h e  a i r c r a f t ,   a n d  l e t  @,(-r,t) and  @ ( f , t )  d e n o t e  t h e  i n s t a n t a n e o u s  
a u t o c o r r e l a t i o n   f u n c t i o n   a n d   i n s t a n f a n e o u s   s p e c t r u m   o f  t h e  r e s p o n s e .  
Then, i n  Mark [ 7 , 1 1 1  i t  i s  shown t h a t  t h e  i n s t a n t a n e o u s   a u t o c o r r e -  
l a t i o n   f u n c t i o n   a n d   i n s t a n t a n e o u s   s p e c t r u m   o f  t h e  r e s p o n s e   p r o c e s s  
are  r e l a t e d  t o  t h e  c o r r e s p o n d i n g   c h a r a c t e r i z a t i o n s   o f  t he  i n p u t  
p r o c e s s   a n d   a i r c r a f t  by 

( 2 . 1 1 )  

and 

Cons ider  t h e  a b o v e   e x p r e s s i o n   f o r  @y(- ry t )  e v a l u a t e d  a t  -r = 0.  
Using t h e  f a c t  t h a t  @ , ( S , t )  i s  a n   e v e n   f u n c t i o n  of 5 ,  it f o l l o w s  
d i r e c t l y   f r o m  Eq. ( 2 . 1 1 )  t h a t  t h e  i n s t a n t a n e o u s  m e a n - s q u a r e   a i r c r a f t  
r e s p o n s e  may be  e x p r e s s e d  a t  a g e n e r i c  t ime t = t '  as 

From Eqs. ( 2 . 9 )   a n d   ( 2 . 1 3 ) ,  i t  i s  easy t o  show t h a t  i f  h ( t )  i s  z e r o  
e v e r y w h e r e   e x c e p t   w i t h i n  t h e  i n t e r v a l  0 5 t .<_ T, t h e n  t h e  o n l y  
r e g i o n   o f  @,( t , t )  t h a t  a f f e c t s  < y 2 ( t ' ) >  i s  t h e  shaded area shown i n  
F i g .  1. Fur the rmore ,   one   can  show t h a t  t h e  o n l y   i n t e r v a l   o f  t o f  
t h e  p r o c e s s  { w ( t ) )  t h a t  a f f e c t s  t h e  s h a d e d   r e g i o n  shown i n   F i g .  1 
i s  t h e  i n t e r v a l  ( t ' - T )  < t < t ' .  C o n s e q u e n t l y ,   f o r  t h e  pu rpose   o f  
computing t h e  mean-square   response   o f  h ( t )  a t  time t '  b y  Eq. (2 .13 ) ,  
i t  i s  n e c e s s a r y   t o   r e p r e s e n t  t h e  a u t o c o r r e l a t i o n   f u n c t i o n  @,( t , t )  
a c c u r a t e l y   o n l y   w i t h i n  t h e  shaded r e g i o n  shown i n  t h e  f i g u r e .  T h i s  
f a c t  i s  i m p o r t a n t ,   b e c a u s e  i t  impl i e s  t h a t  we may u s e  Zoea2 
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REGION OF INFLUENCE OF 
> 

F I G .  1. R E G I O N   O F   I N F L U E N C E  O F  @,(E,t) ON <y2(t')> F O R  
S Y S T E M   I M P U L S E   R E S P O N S E  F U N C T I O N  h ( t )  T H A T   I S  
N O N Z E R O   O N L Y   W I T H I N   T H E  I N T E R V A L  0 < t < T .  
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representations of @,(S,t), valid only within the  diamond showri in 
Fig. 1, for the purpose of determining the  mean-square response of 
an aircraft. 
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UNIFORMLY MODULATED MODEL  OF NONHOMOGENEOUS TURBULENCE 

I n  the p r e v i o u s   s e c t i o n ,  we d i s c u s s e d  a power s p e c t r a l   r e p r e -  
s e n t a t i o n  of n o n s t a t i o n a r y   t u r b u l e n c e   v e l o c i t i e s .   I n  t h e  t u r b u -  
l e n c e   l i t e r a t u r e ,  i t  i s  c u s t o m a r y   t o   c o n s i d e r  the  co r re spond ing  
nonhomogeneous   behavior   ins tead ,  where the  nonhomogeneity i s  w i t h  
r e s p e c t   t o  a s p a t i a l   c o o r d i n a t e ,   s a y  x. Transformat ion   be tween the  
time c o o r d i n a t e  t and t h e  spa t ia l  c o o r d i n a t e  x i s  c a r r i e d   o u t  by 
i n v o k i n g   T a y l o r ' s   h y p o t h e s i s  - - . e . ,  x = V t  - where, i n  t h e  p r e s e n t  
a p p l i c a t i o n ,  V i s  t h e  speed   o f  t h e  a i r c r a f t   u s e d   i n   m a k i n g  t h e  
tu rbu lence   measu remen t s .  From here on,  w e  shall  r e f e r  t o  non- 
homogeneous r a the r  t h a n   n o n s t a t i o r i a r y   b e h a v i o r .  

D e f i n i t i o n  o f  U n i f o r m l y   M o d u l a t e d  

N o n h o m o g e n e o u s   T u r b u l e n c e  

One of  t h e  s implest  forms  of  nonhomogeneous  behavior i s  non- 
homogeneity i n  t h e  i n t e n s i t y  or " i n s t a n t a n e o u s   v a r i a n c e "   o f  a 
r e c o r d   o f   t u r b u l e n c e   v e l o c i t i e s .  The e f f e c t s   o f   s u c h  nonhomoge- 
neous   behav io r  on t h e  spec t rum o f  turbulence   have   been  debated f o r  
some t ime.  S e e ,   f o r   e x a m p l e ,   F i g .  1 9  and the accompanying  discus-  
s i o n   i n  t h e  r e v i e w  pape r  "Atmospheric   Turbulence ' '  [ I ] .  

A quant i ta t ive   model   o f   such   nonhomogeneous   behavior  i s  t h e  
r e p r e s e n t a t i o n   o f  a t u r b u l e n c e   v e l o c i t y   r e c o r d   w ( x )  by t he  p r o d u c t  
1 a w  

where z ( x )  i s  a homogeneous ( i . e . ,  s t a t i o n a r y )  random  process w i t h  
u n i t   s t a n d a r d   d e v i a t i o n   a n d   a ( x )  i s  t h e  nonhomogeneous  standard 
d e v i a t i o n  o f  w ( x ) .   T h u s ,   a ( x )  i s  n e c e s s a r i l y   n o n n e g a t i v e .  
P r o c e s s e s  o f  the  form o f  E q .  (3 .1)   have   been  r e fe r r ed  t o  by 
Shinozuka   (1964,   1965)  as uni formly   modula ted .  

If w e  have a s ing le   r eco rd   o f   nonhomogeneous   t u rbu lence  w(x) 
tha t  i s  assumed t o  obey the  p roduc t  law of  E q .  ( 3 .1 )   and  i f  a ( x )  i s  
estimated from t h i s  s i n g l e   r e c o r d ,  w e  may r e g a r d  a(x) e i t h e r  as a 
d e t e r m i n i s t i c   f u n c t i o n  or as a sample f u n c t i o n   o f  a random  process .  
We shall  d i s c u s s   b o t h  of these i n t e r p r e t a t i o n s   b e l o w .  For b o t h ,  
i t  w i l l  be  assumed t h a t  z(x) i s  a G a u s s i a n   p r o c e s s .  

. 
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Instantaneous Spectrum o f  Uniformly 
Modul ated  Turbulence 

Case of d e t e r m i n i s t i c  a(z ) .  The instantaneous spectrum of 
w ( x )  is defined as the Fourier transform of  the instantaneous auto- 
correlation function @,(E,x); i.e., 

where @,(<,x) is defined as 

@,(<,x) = <w(x--)  w(x+-)> . a 5 5 
2 2 (3.3) 

Substituting the product model of E q .  (3.1) into E q .  (3.3) and 
first considering a(x) to  be deterministic, we have for the instan- 
taneous autocorrelation function of w(x), 

@w(5,x) = a(x--) o(x+-) <Z(X") z(x+-)> 2 2 2 2 (3.4a) 
5 5 5 5 

where, here, we have defined for deterministic ~ ( x ) ,  

and 

since z(x) is, by assumption, homogeneous. From Eqs. (3.lb)  and 
(3.6), it follows that 

@ z ( o )  E 1 . (3.7) 

Substituting E q .  (3.4b)  into Eq. ( 3 . 2 ) ,  it follows that 
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Applying  the c o n v o l u t i o n   t h e o r e m   t o  Eq.  ( 3 . 8 ) ,  w e  may e x p r e s s  
Q w ( k , x )   i n  terms o f  t he  F o u r i e r   t r a n s f o r m s   Q o ( k , x )   a n d  Q,(k) of  
@o(S ,x )   and  @ , ( E ) ;  i . e . ,  

Q w ( k , x )  = Q,(vYx)  Q,(k-v)dv , ( 3 . 9 )  

where the  d e f i n i t i o n s  o f  Qa(k ,x)   and  Q z ( k )  a re  

and 

Equa t ion  ( 3 . 9 )  i s  a f u n d a m e n t a l   r e l a t i o n s h i p  t h a t  e x p r e s s e s  t h e  
i n s t a n t a n e o u s  wavenumber  spectrum  Q,(k,x) o f  t h e  p r o c e s s   w ( x )  as 
t h e  wavenumber  convolut ion o f  t h e  i n s t a n t a n e o u s  wavenumber  spectrum 
a a ( k , x )  o f  t h e  nonhomogeneous   s t anda rd   dev ia t ion   a (x )   and  t h e  u s u a l  
wavenumber  spectrum Q , ( k )  o f  the  homogeneous  process  ,(x). 

Case of poss ib2y   nonhomogeneous   s tochas t i c   p rocess  a ( x ) .  
E q u a t i o n s  ( 3 . 6 )  t o  ( 3 . 1 1 )  a l s o  a p p l y  to s i t u a t i o n s  where a ( x )  i s  
c o n s i d e r e d   t o  be a poss ib ly   nonhomogeneous   s tochas t i c   p rocess  tha t  
i s  s t a t i s t i c a l l y   i n d e p e n d e n t  o f  t h e  p r o c e s s  z ( x ) ,  excep t  t ha t  i n  
these c a s e s ,  the  i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n  of a ( x )  i s  
d e f i n e d  as t h e  m a t h e m a t i c a l   e x p e c t a t i o n   o f  t h e  r i g h t - h a n d  s ide of  
E q .  ( 3 . 5 ) ;  i . e . ,  

Case of homogeneous p r o c e s s  u(I). When the  p r o c e s s   o ( x )  i s  
homogeneous, t h e  i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n  o f  a ( x )  
becomes  independent  of x; t h u s ,   f o r   h o m o g e n e o u s   a ( x ) ,  we have 

1 3  



Thus ,   fo r   homogeneous   p rocesses   a (x ) ,  it fo l lows   f rom Eq.  (3 .10)  
t h a t . Q , ( k , x )   r e d u c e s   t o  t h e  u s u a l  wavenumber  spectrum of ~ ( x ) ,  
which i s  

Hence, when a ( x )  i s  homogeneous  and  independent   of   z(x)  i t  f o l l o w s  
from Eq.  ( 3 . 9 )  t h a t  Ow(k,x) i s  independen t  o f  x and i s  e x p r e s s e d   i n  
terms o f  t h e  s p e c t r a  o f  , ( x )   a n d   z ( x )   b y  t h e  c o n v o l u t i o n   o f  Q, (k)  
and  QZ(k): 

Case of e r g o d i c  p r o c e s s  ,(x). When a ( x )  i s  a n   e r g o d i c   p r o c e s s ,  
we may o b t a i n  t h e  a u t o c o r r e l a t i o n   f u n c t i o n   o f   , ( x )   f r o m  a s i n g l e  
r e a l i z a t i o n   o f   u ( x ) ;  i . e . ,  

E q u a t i o n s  ( 3 . 1 5 )  and ( 3 . 1 4 )  a p p l y   t o   e r g o d i c   p r o c e s s e s   , ( x )  t h a t  
a r e   i n d e p e n d e n t   o f  z(x), where, i n  these  c a z c s ,  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n   o f   a ( x )  may b e  e v a l u a t e d  by  u s i n g  Eq. ( 3 . 1 6 ) .  

For e r g o d i c   p r o c e s s e s  , ( x )  t h a t  a r e   i n d e p e n d e n t   o f   z ( x ) ,  w e  
may a l s o   d e t e r m i n e   t h e  wavenumber  spectrum  of   w(x)   by  taking a 
" space   ave rage"   o f  Eq. ( 3 . 9 ) ,  where, i n  t h i s  c a s e ,  we i n t e r p r e t  
Q,(k,x) as  having   been  o b t a i n e d   f r o m  E q s .  ( 3 . 1 0 )  and ( 3 . 5 ) ;  t h u s ,  

- l i m  1 - x-+, x O , ( V , X )  OZ(k-v)dvdx 

a, 
l i m  1 x/ 2 

O o ( v , x ) d x  OZ(k-V)dv 1 
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where w e  have   ob ta ined  @,(v) above by t h e  " space   ave rage"  

where, here ,  we i n t e r p r e t  @,(E) as t h e  s p a c e   a v e r a g e  

as i n  E q .  ( 3 . 1 6 ) .  

Comparison  w i t h  e v o l u t i o n a r y  s p e c t r u m .  The above   appa ren t ly  
t r i v i a l   o p e r a t i o n s   f o r  homogeneous  and  ergodic   processes  a(x) have 
i m p o r t a n t   i m p l i c a t i o n s   f o r   o t h e r   d e f i n i t i o n s  of  t ime-dependent 
s p e c t r a .   I n   e s s e n c e ,  what we have shown above i s  t h a t  f o r   p r o c e s s e s  
t h a t  a re  homogeneous o r   e r g o d i c ,   r e s u l t s  t ha t  are o b t a i n e d   u s i n g   t h e  
i n s t a n t a n e o u s   s p e c t r u m   r e d u c e ,   a u t o m a t i c a l l y ,   t o  t h e  u s u a l l y  homo- 
g e n e o u s   o r   e r g o d i c   p r o c e s s   r e s u l t s .   S p e c i f i c a l l y ,   f o r   b o t h  homo- 
g e n e o u s   a n d   e r g o d i c   p r o c e s s e s ,  Eq. ( 3 . 1 5 )  [ o r  E q .  ( 3 . 1 7 b ) I  p r o v i d e s  
a n   e x p r e s s i o n   f o r   t h e   " p o w e r "   s p e c t r u m   o f  t he  uni formly   modula ted  
p r o c e s s   w ( x ) ,  where, f o r  homogeneous  processes,  Q U ( k )  i s  t h e  
F o u r i e r   t r a n s f o r m   o f  t h e  a u t o c o r r e l a t i o n   f u n c t i o n   o b t a i n e d  by t h e  
ensemble   average ,  Eq. (3.13); whereas, t h e  e r g o d i c   p r o c e s s e s  Q a ( k )  
may b e   i n t e r p r e t e d  e i t h e r  as t h e  " s p a c e   a v e r a g e "   o f   t h e   i n s t a n t a -  
n e o u s   s p e c t r u m   d e f i n e d   f o r  a s i n g l e   r e a l i z a t i o n   o f  a ( x )  wi th   no  
ensemble   ave rage  [e .g . ,  Eq. ( 3 . 1 8 a ) l  o r  as t h e  F o u r i e r   t r a n s f o r m   o f  
the  a u t o c o r r e l a t i o n   f u n c t i o n   o f   o ( x )   o b t a i n e d  by a "space   average"  
as i n  Eqs. (3 .18b)  and (3.19). 

The e v o l u t i o n a r y   s p e c t r a l   d e n s i t y  o f  P r i e s t l e y  [ l Z , 1 3 ]  does  
not ,  g e n e r a l l y ,   s a t i s f y   p r o p e r t i e s   c o m p a r a b l e   t o   t h o s e   d e s c r i b e d  
above.  For example,  Howell  and  Lin [SI h a v e   u s e d   t h e   u n i f o r m l y  
modula ted   model   o f   tu rbulence  [Eq. (1) o f   t h e i r   p a p e r ]   t o   s t u d y  
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t h e   r e s p o n s e  o f  f l i g h t  v e h i c l e s   t o   n o n s t a t i o n a r y   a t m o s p h e r i c  
t u r b u l e n c e .   T h e i r   a p p r o a c h   u s e s  the e v o l u t i o n a r y   s p e c t r a l   d e n -  
s i t y .  It immedia t e ly   fo l lows   f rom  Eqs .  (l), ( 3 ) ,  and ( A 4 ) ,  and 
t h e  comment immedia te ly   fo l lowing   Eq .  ( 2 )  o f  t h e i r  p a p e r ,  tha t  f o r  
p r o c e s s e s  ~ ( x )  t h a t  a r e  e i t h e r  homogeneous o r  e r g o d i c   [ p r o c e s s e s  
c ( t )   t h a t   a r e . s t a t i o n a r y   i n   t h e i r   n o t a t i o n ] ,  t h e  power  spectrum  of  
w(x)  i s  p r o p o r t i o n a l  t o  a Z ( k ) .   [ I n   t h e i r   n o t a t i o n ,  the  power 
spec t rum  of  W ( t )  i s  p r o p o r t i o n a l   t o  a G G ( w ) . ]  It must be concluded  
t ha t  t h e i r  s p e c t r a l   r e p r e s e n t a t i o n  f a l l s  t o   s a t i s f y   a n   i m p o r t a n t  
cons i s t ency   r equ i r emen t ;   name ly ,  i t  d o e s   n o t   r e d u c e   t o  t h e  c o r r e c t  
r e s u l t   i n   c a s e s  where t h e  component   processes  a re  t a k e n   t o  b e  
e i t h e r  s t a t i o n a r y   o r   e r g o d i c .  T h a t  i s ,  i n   c a s e s  where a(x) and 
z(x) a re  homogeneous ( s t a t i o n a r y )  o r  e r g o d i c ,  t h e  spec t rum  o f   w(x )  
i s  t h e  c o n v o l u t i o n   o f  t h e  s p e c t r a   o f  a(x) a n d   z ( x ) ,  as i s  i n d i c a t e d  
by our Eq. ( 3 . 1 5 ) .  

Measurement  o f  S p e c t r u m  o f  Homogeneous 
C o m p o n e n t   U s i n g   t h e   A r c s i n  Law 

I n   o r d e r   t o   e v a l u a t e   t h e   c o n t r i b u t i o n   t o  t h e  spec t rum  of   w(x)  
f rom t h e  homogeneous  component z ( x ) ,  i t  i s  ev iden t ,   f rom Eq. ( 3 . 9 )  
[ w h i c h   a p p l i e s   t o  t h e  c a s e   o f   d e t e r m i n i s t i c  a(x)] and  from  Eqs.  
(3 .15 )  and  ( 3 . 1 7 )  [wh ich   app ly   r e spec t ive ly   t o   homogeneous   and  
e r g o d i c   s t o c h a s t i c   p r o c e s s e s  a(x)], t h a t  one   mus t   eva lua te  t he  
spec t rum Oz(k) o f   t h e  homogeneous  process z(x). A very   conven ien t  
f e a t u r e   o f  t h e  uniformly  modulated  model  of  nonhomogeneous  turbu- 
l e n c e   o f  Eq .  ( 3 . 1 )  i s  t h a t  when z(x) i s  assumed t o  be a Gauss ian  
random  process ,  we have a t  o u r   d i s p o s a l  a method t o   e v a l u a t e   t h e  
spec t rum  of  z(x) from  one o r  more   r eco rd ings   o f  t h e  p r o c e s s   w ( x ) .  
To r e c o g n i z e  t h i s ,  we f i r s t  n o t e  t h a t  s i n c e  o(x) i s ,  b y  d e f i n i t i o n ,  
n o n n e g a t i v e ,  t h e  z e r o   c r o s s i n g s  of t h e  p r o c e s s e s  w(x) and z(x) i n  
E q .  ( 3 . l a )   n e c e s s a r i l y   c o i n c i d e ;   m o r e o v e r ,  t h e  s i g n   ( p o s i t i v e   o r  
n e g a t i v e )   o f  t h e  p r o c e s s e s  w(x) and z(x> b e t w e e n  z e r o   c r o s s i n g s  
a l s o   c o i n c i d e .   T h u s ,   f o r   a n y   r e c o r d i n g   w ( x )  tha t  s a t i s f i e s  t h e  
p r o d u c t  law o f  Eq .  ( 3 .  l a ) ,  we may e v a l u a t e   b o t h  t h e  p o s i t i o n s   o f  
t h e  z e r o   c r o s s i n g s   a n d  t h e  s i g n s  be tween  z e r o   c r o s s i n g s   o f  t h e  
p r o c e s s  z(x) f rom these  same q u a n t i t i e s   e v a l u a t e d   f r o m  t h e  r e c o r d -  
i n g  w(x). Fur the rmore ,  i t  is known t h a t  from t h e  p o s i t i o n s   o f  the 
z e r o   c r o s s i n g s   a n d  t h e  s i g n s   o f  a Gaussian  random  process  w i t h  z e r o  
mean va lue ,   one   can   eva lua te  t h e  power  spectrum  of  t h e  p r o c e s s  
u s i n g   t h e   s o - c a l l e d   a r c s i n  law; see ,  f o r   e x a m p l e ,  Lawson and 
Uh1e.nbeck [5 ] ,  pp. 57-58. 

I n  t h e  p r e s e n t   a p p l i c a t i o n ,  t h e  a r c s i n  law may be   desc r ibed  
as f o l l o w s .  Compute t h e  mean v a l u e   o f  a r e c o r d i n g   o f  t h e  p r o c e s s  
w ( x ) .  Form a new sample from  w(x) by s u b t r a c t i n g  t h e  mean v a l u e  
from t h e  o r i g i n a l   r e c o r d i n g .   " I n f i n i t e l y   c l i p "  t h i s  new sample s o  
t h a t  o n l y  t h e  p o s i t i o n s   o f  t h e  z e r o   c r o s s i n g s   a n d  t h e  s i g n s   o f  t h e  
p r o c e s s   b e t w e e n   z e r o s  a re  r e t a i n e d .  Then c o n s t r u c t  a new sample 
f u n c t i o n  t h a t  has a v a l u e   o f  +1 everywhere where t h e  c l ipped   s ample  
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was p o s i t i v e   a n d  -1 everywhere where t h e  c l ipped   s ample  was nega- 
t i ve .  C o n s t r u c t  the a u t o c o r r e l a t i o n   f u n c t i o n   o f  t h i s  newly  con- 
s t r u c t e d   s a m p l e   f u n c t i o n   a n d   c a l l  i t  1 $ ~ ( 5 ) .  Call the a u t o c o r r e l a -  
t i o n   f u n c t i o n   o f  t h e  o r i g i n a l   s a m p l e   f u n c t i o n   ( w i t h  mean v a l u e  
s u b t r a c t e d   o u t )  1 $ ~ ( 5 ) .  Then, i f  t h e  s a m p l e   f u n c t i o n s  are of s u f f i -  
c i e n t   l e n g t h   t o   p r o v i d e   g o o d   s t a t i s t i c a l   r e l i a b i l i t y ,   t h e   a r c s i n  
law s t a t e s  t h a t  we may r e c o n s t r u c t  $ , ( E )  f rom $ , ( E )  by 

By F o u r i e r   t r a n s f o r m i n g   b o t h  s ides  o f  E q .  ( 3 . 2 0 ) ,  w e  o b t a i n  a 
r e l a t i o n s h i p   f o r  the  s p e c t r u m   o f   z ( x )   i n  terms o f   p r o p e r t i e s   o f  the  
( i n f i n i t e l y   c l i p p e d )   w a v e f o r m   w ( x ) .  

V e r i f i c a t i o n  o f  t h e  A r c s i n  Law Using 
a H o m o g e n e o u s   T u r b u l e n c e  R e c o r d  

C u m u Z a t i v e   p r o b a b i Z i t y   d i s t r i b u t i o n   f u n c t i o n  of s t a t i o n a r y  
r e c o r d .  B e f o r e   u s i n g  t h e  s i n e   t r a n s f o r m a t i o n   o f  E q .  ( 3 . 2 0 )  
w i t h  nonhomogeneous  records,  we checked t h e  v a l i d i t y  of E q .  ( 3 . 2 0 )  
d i r e c t l y ,   u s i n g  a r e c o r d   o f   t u r b u l e n c e  t h a t  appeared t o  b e  homo- 
geneous - i . e . ,  s t a t i o n a r y .  The  r e c o r d   c h o s e n   f o r  t h i s  t e s t  was 
t h e  v e r t i c a l  component  of Test  No. 1 9 0 ,  Leg No. 5 o f  t h e  LO-LOCAT 
program [14]. T h i s  v e l o c i t y   r e c o r d  i s  shown i n   F i g .  2 o f  t h i s  
r e p o r t .  

F i r s t ,  the  mean v a l u e ,   s t a n d a r d   d e v i a t i o n ,   a n d   c u m u l a t i v e  
p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n   o f  t h i s  27 ,000   sample   po in t   record  
were computed. The mean v a l u e   a n d   t h e   s t a n d a r d   d e v i a t i o n   c o m p u t e d  
from t h e  v e r t i c a l  component  of Test  No. 190, Leg No. 5 a re  

m = -.039  m/sec (-0.128 f t / s e c )   ( 3 . 2 1 )  

The c u m u l a t i v e   p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n  P(W) i s  de- 
f i n e d  as 

J- 00 

where p (w)  i s  t h e  ( e m p i r i c a l )   p r o b a b i l i t y   d e n s i t y   f u n c t i o n   o f  the  
r e c o r d .  P(W) was computed f o r   i n c r e m e n t s   o f  W o f  .O3 m/sec 
( 0 . 1  f t / s e c ) .  The computed  values   of  P(W), which are  t a b u l a t e d   i n  
Appendix A o f  t h i s  r e p o r t ,  a re  p l o t t e d  on the  G a u s s i a n   p r o b a b i l i t y  
c o o r d i n a t e s   i n   F i g .  3 as d i s c r e t e   p o i n t s .  The s o l i d   s t r a i g h t   l i n e  
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shown i n  Fig.  3 r e p r e s e n t s  a G a u s s i a n   c u m u l a t i v e   p r o b a b i l i t y  dis-  
t r i b u t i o n   f u n c t i o n  w i t h  the same v a l u e s   o f  mean and   s t anda rd   dev ia -  
t i o n  as t h o s e   g i v e n  by   Eqs .   (3 .21)   and   (3 .22) .  It i s  ev iden t   f rom 
F i g .  3 t h a t  l i t t l e  s i g n i f i c a n t   d i f f e r e n c e   e x i s t s   b e t w e e n   t h e   e m p i r -  
i c a l l y   d . e t e r m i n e d   d i s t r i b u t i o n   a n d   t h e   G a u s s i a n   d i s t r i b u t i o n  func- 
t i o n .   C o n s e q u e n t l y ,   i n s o f a r  as i t s  f i r s t  o r d e r   p r o p e r t i e s  are con- 
c e r n e d ,  t h e  v e r t i c a l  component  of Test No. 1 9 0 ,  Leg No. 5 a p p e a r s  
t o  b e  v e r y   n e a r l y   G a u s s i a n .  T h i s  i s  h e l p f u l   b e c a u s e  t h e  s i n e   t r a n s -  
f o r m a t i o n   o f  Eq .  (3 .20)   assumes  t h a t  t h e  p r o c e s s  z ( x )  i s  Gauss ian .  

C o n v e n t i o n a l   p o w e r   s p e c t r a l   d e n s i t y  of s t a t i o n a r y   r e c o r d .  For  
a d i r e c t  t e s t  o f  t h e  v a l i d i t y   o f  t h e  s i n e   t r a n s f o r m a t i o n   o f  Eq. 
( 3 . 2 0 ) ,  i t  was n e c e s s a r y  f i r s t  t o  compute t h e  power s p e c t r a l   d e n s i t y  
o f  t h e  r e c o r d   i n  t h e  c o n v e n t i o n a l  way .  The method  used i s  d e s c r i b e d  
i n  Appendix B .  A P a p o u l i s  window f u n c t i o n  was u s e d   t o   c a r r y   o u t  t h e  
smooth ing   of  t h e  s p e c t r u m   i n   o r d e r  t o  get  a d e q u a t e   s t a t i s t i c a l  
r e l i a b i l i t y .  T h i s  window f u n c t i o n  has a minimum bias p r o p e r t y  
[ 3 5 ]  a n d ,   i n  t h i s  s e n s e ,  i s  optimum. The smoothed  spectrum com- 
p u t e d   i n   t h e   c o n v e n t i o n a l  way i s  shown i n   F i g .  4 .  

Power s p e c t r a l   d e n s i t y   c o m p u t e d  from i n f i n i t e l y   c l i p p e d  sta- 
t i o n a r y   r e e 0 r . d   a n d   c o r r e c t e d  using t h e   a r c s i n   l a w .  To compute   the  
p o w e r   s p e c t r a l   d e n s i t y   o f  t h e  r e c o r d  shown i n   F i g .  2 u s i n g  the  s i n e  
t r a n s f o r m a t i o n  of Eq. ( 3 . 2 0 ) ,  w e  f i r s t  removed t h e  mean v a l u e   o f   t h e  
r e c o r d ,  m = - 0 . 0 3 9  m / s e c   ( - 0 . 1 2 8   f t / s e c ) .  A t  e v e r y   d i s c r e t e   s a m p l e  
p o i n t  of the  r e c o r d ,  the.  s i g n   o f  t h e  waveform was de termined ,   and  a 
new r e c o r d  was g e n e r a t e d  w i t h  v a l u e s   o f  +1 where t h e  o r i g i n a l   r e c o r d  
was p o s i t i v e   a n d  o f  -1 where t h e  o r i g i n a l   r e c o r d  was n e g a t i v e .  The 
(unsmoothed)  power  spectrum  of t h i s  " c l i p p e d   r e c o r d "  was t h e n  com- 
puted   and  i t s  ( i n v e r s e )   F o u r i e r   t r a n s f o r m  was t a k e n ,   y i e l d i n g  the  
a u t o c o r r e l a t i o n   f u n c t i o n  $ I ~ ( Z )  o f  t h e   c l i p p e d ' r e c o r d .  A c o r r e c t e d  
a u t o c o r r e l a t i o n   f u n c t i o n  @ z ( c )  was then  computed  from @ , ( z ) ,  u s i n g  
the  s i n e   t r a n s f o r m a t i o n   o f  Eq. ( 3 . 2 0 ) .  T h i s  c o r r e c t e d   a u t o c o r r e l a -  
t i o n   f u n c t i o n  was t h e n   m u l t i p l i e d  b y  t h e   F o u r i e r   t r a n s f o r m   o f  t h e  
same P a p o u l i s   ( f r e q u e n c y )  window f u n c t i o n   u s e d   i n  t h e  c o n v e n t i o n a l  
spec t rum  computa t ion ,   and  t h e  F o u r i e r   t r a n s f o r m   o f  t h i s  p r o d u c t  was 
t a k e n .  T h i s  f i n ? l   r e s u l t  i s  the   smoo thed   power   spec t r a l   dens i ty  
computed  using t h e  " a r c s i n  law", as shown i n   F i g .  4 .  The d e t a i l s  
o f  t h e  above   computa t iona l   p rocedure   a r e   desc r ibed   i n   Append ix  B. 

It i s  e v i d e n t   f r o m   F i g .  4 t h a t  t h e  d i f f e r e n c e s   b e t w e e n  t h e  
spectrum  computed  using t h e  conven t iona l   me thod   and   t ha t   computed  
u s i n g   " i n f i n i t e   c l i p p i n g "  a r e  i n s i g n i f i c a n t .  We m u s t   t h e r e f o r e  
conclude  t h a t  t h e  s t a t i o n a r y   r e c o r d  shown i n   F i g .  2 i s  s u f f i c i e n t l y  
c l o s e   t o  a s t a t i o n a r y   G a u s s i a n   r a n d o m   f u n c t i o n   f o r  t h e  s i n e   t r a n s -  
f o r m a t i o n   o f  Eq .  ( 3 . 2 0 )  t o  be c o n s i d e r e d   v a l i d .  

Comparison o f  s p e c t r u m  o f  s t a t i o n a r y   r e c o r d  w i t h  the   smoothed  
von  Karman s p e c t r u m .  S i n c e ,  f o r  s t a t i s t i c a l   r e l i a b i l i t y ,   t h e   s p e c -  
t r a  computed   f rom  the   ve r t i ca l   componen t  of  t h e  s t a t i o n a r y   r e c o r d  of 
F i g .  2 were frequency-smoothed, t h e  von Karman ( v e r t i c a l   c o m p o n e n t )  
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F I G .  4 .  C O M P A R I S O N   O F   S P E C T R A   C O M P U T E D   F R O M   H O M O G E N E O U S   V E R T I C A L  
COMPONENT  SHOWN I N   F I G .  2.  S P E C T R A   W E R E   C O M P U T E D  I N   T H E  
C O N V E N T I O N A L  WAY A N D   B Y   I N F I N I T E   C L I P P I N G   A F T E R  
C O R R E C T I O N  BY T H E   " A R C S I N   L A W . "   B O T H   S P E C T R A   S M O O T H E D  
B Y   T H E   S A M E   P A P O U L I S   W I N D O W   F U N C T I O N .  
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s p e c t r u m   s h o u l d  be  smoothed  by the same f r e q u e n c y  window b e f o r e  
comparison w i t h  t h e  a b o v e - d e s c r i b e d   e m p i r i c a l l y   d e t e r m i n e d   s p e c t r a .  
A c l o s e  f i t  o f  t he  empir ical   and  smoothed  von Karman s p e c t r a  w i l l  
t h e n   i n d i c a t e  t h a t  t h e  s t a t i o n a r y   r e c o r d  may b e  regarded as hav ing  
a von  Karman  spectrum. A d e s c r i p t i o n  o f  t h e  smooth ing   procedure  
f o r   t h e   v o n  Karman spec t rum i s  descr ibed  in   Append ix  C .  

Smoothed  von Karman s p e c t r a   e v a l u a t e d  w i t h  a s t a n d a r d   d e v i a -  
t i o n   o f  u = 2 .94   m/ sec   (9 .63   f t / s ec )   and  w i t h  t h e  i n t e g r a l   s c a l e s  
o f  L = 91.44 ,   121 .92 ,   152 .4 ,   182 .88   and   213 .36  m (300,  400 ,  500,  
600, and  700 f t )  a r e  p l o t t e d   i n   F i g .  5 a l o n g  w i t h  t he  spec t rum 
c o m p u t e d   u s i n g   c l i p p i n g   a n d  t h e  s i n e   t r a n s f o r m a t i o n .  It i s  e v i -  
d e n t   f r o m   F i g .  5 t ha t  the  von Karman spec t rum w i t h  a n   i n t e g r a l  
s c a l e   o f   a b o u t  L = 137.16 m (450 f t )   p r o v i d e s  a r e a s o n a b l e  f i t  t o  
t h e  e m p i r i c a l l y   d e t e r m i n e d   s p e c t r u m .  

S t a t i s t i c a l   C o n f i d e n c e  o f  Nonhomogeneous  
V a r i a n c e   E s t i m a t e s  

The m o s t   s t r a i g h t f o r w a r d   p r o c e d u r e   f o r   e s t i m a t i n g  t h e  non- 
homogeneous   s t anda rd   dev ia t ion  o(x) i n  t h e  model   of   Eq.   (3 .1)  i s  t o  
squa re   and   fo rm a l o c a l  a v e r a g e   o f  a sample f u n c t i o n   w ( x ) :  

? ( x )  = - a 2 ( x )  z 2 ( x ) d x  ( 3 . 2 4 )  

Taking  t h e  e x p e c t e d   v a l u e  o f  t h e  a b o v e   e q u a t i o n ,  we obta ined   upon 
u s i n g  E q .  ( 3 . l b ) :  

x+Ax/2 

x-Ax/2 
< S 2 ( X ) >  = - . a2(x) < z 2 ( x ) > d x  

x+Ax/2 
o 2 ( x ) d x  ( 3 . 2 5 )  

Let Var (2'1 d e n o t e   t h e   v a r i a n c e   o f  t h e  e s t i m a t e   o f  02(x) 
g i v e n  by  Eq. (3 .25 ) .   Then ,   i n   Append ix  D ,  i t  i s  shown t h a t  t h e  
r a t i o   o f  t h e  v a r i a n c e   o f  our e s t i m a t e  S 2 ( x )  t o  t h e  s q u a r e  o f  t h e  
e x p e c t e d   v a l u e  of  a 2 ( x ) ,  i s  g iven   approx ima te ly  by  
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F I G .  5. C O M P A R I S O N   O F   S M O O T H E D  v o n  K A R M A N   T R A N S V E R S E   S P E C T R A  
u = 2 . 9 4  m/sec ( 9 . 6 3  f t / s e c )  W I T H   T H E   S P E C T R U M  OF T H E  
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B Y  T H E   S A M E   P A P O U L I S   W I N D O W   F U N C T I O N .  





SERIES  EXPANSION O F  INSTANTANEOUS  SPECTRUM OF 
UNIFORMLY  MODULATED  TURBULENCE 

D e r i v a t i o n  of S e r i e s   E x p a n s i o n  

According to E q .  (3.4b). ,  t he  i n s t a n t a n e o u s   a u t o c o r r e l a t i o n  
func t ion   $ , (< ,x )   o f   un i fo rmly   modu la t ed   t u rbu lence  may be  e x p r e s s e d  
as 

where  @a(E,x) i s  d e f i n e d  by E q .  ( 3 . 5 )   f o r   d e t e r m i n i s t i c   m o d u l a t i n g  
f u n c t i o n s   a ( x ) ,  by E q .  (3.12) for   poss ib ly   nonhomogeneous ,   s tochas-  
t i c   u ( x ) ,   a n d  by E q .  ( 3 . 1 6 )  f o r  e r g o d i c  a(x). Here, w e  are  i n t e r -  
es ted i n   d e t e r m i n i n g  t h e  " t h r e s h o l d "   i n  t h e  r a t e  o f   f l u c t u a t i o n   o f  
a ( x )  t h a t  b e g i n s   t o   h a v e   a n   e f f e c t  on the   spec t rum  o f   w(x ) .   Thus ,  
we a re  i n t e r e s t e d   i n   m o d u l a t i n g   f u n c t i o n s   a ( x )  tha t  v a r y   s l o w l y   i n  
comparison w i t h  t h e  f l u c t u a t i o n s   i n  t h e  s t a t i o n a r y  component z ( x ) .  
[See E q .  ( 3 . l a )   f o r   r e v i e w   o f   c o m p o n e n t s . ]  T h i s  b e h a v i o r  w i l l  be 
m a n i f e s t e d   i n  t h e  appea rance   o f  t h e  i n s t a n t a n e o u s   a u t o c o r r e l a t i o n  
f u n c t i o n s  @ a ( E , x )  and @ , ( E )  i n  t ha t  @a(E ,x )  w i l l  c h a n g e   g r a d u a l l y  
a b o u t  t he  p o i n t  E = 0 i n  comparison w i t h  I$,(<). Such  behavior  i s  
i l l u s t r a t e d   i n   F i g .  6 .  

The b e h a v i o r   i l l u s t r a t e d  by F i g .  6 s u g g e s t s  that  i t  shou ld  be 
p o s s i b l e   t o   r e p r e s e n t  C $ ~ ( S , X )  by  a few terms i n  i t s  Maclaurin  expan-  
s i o n   i n  t h e  v a r i a b l e  E o v e r  t h e  r a n g e  o f  E where @ ( E )  i s  n o t   n e g l i -  
g i b l e .  To i n c l u d e   c a s e s  where t h e  d e r i v a t i v e s  of ga(E,x) a re  n o t  
c o n t i n u o u s  a t  E = 0 ,  w e  sha l l  i n i t i a l l y   c o n s i d e r  t h e  Maclaurin  ex-  
p a n s i o n  of C$o(E,x) v a l i d   i n  t h e  r e g i o n  5 0 by   u s ing   r i gh t -hand  
d e r i v a t i v e s   o f  @,(<,x) e v a l u a t e d  a t  t h e   o r i g i n ,  E = 0 .  We deno te  
t hese  r i g h t - h a n d   d e r i v a t i v e s   o f  I$,(c ,x)  w i t h  r e s p e . c t   t o  E by 

Then, t h e  M a c l a u r i n   e x p a n s i o n   o f   @ a ( E , x ) ,   v a l i d   f o r   p o s i t i v e   a n d  
n e g a t i v e  E ,  may be e x p r e s s e d  as 

where 



FIG. 6. B E H A V I O R   O F  $ a ( C , x )  A N D  @ z ( C )  N E A R  5 = 0 F O R   C A S E  
W H E R E   M O D U L A T I O N  a ( x )  I S  S L O W  I N  C O M P A R I S O N   W I T H  
F L U C T U A T I O N S  I N  z ( x ) .  
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w e re  i n   t h e   s e c o n d   f o r m ,   E q .  ( 4 . 5 ) ,  t h e  (N+l)st d e r i v a t i v e  
$ t N + l ) ( n , x )  i s  t o  be e v a l u a t e d  a t  some ( g e n e r a l l y  unknown) p o i n t  
w i t h i n  0 < n < m. The a b s o l u t e   v a l u e   s i g n s   i n   E q s .   ( 4 . 3 )   t o   ( 4 . 5 )  
are  a consequence  of t he  f a c t  t h a t  Cpu(E,x) must be a n   e v e n   f u n c t i o n  
o f  E .  

L e t  u s  now u s e  E q .  ( 3 . 8 )  t o   o b t a i n   a n   e x p r e s s i o n   f o r   Q W ( k , x )  
u s i n g   t h e   a b o v e   e x p a n s i o n .   S u b s t i t u t i n g   E q .   ( 4 . 3 )   i n t o   E q .  ( 3 . 8 )  
a n d   i n t e r c h a n g i n g   o r d e r s   o f   s u m m a t i o n   a n d   i n t e g r a t i o n   g i v e s '  

(4.6a) 

( 4 . 6 b )  

where 

where we have  used the  f a c t  t h a t  4 z ( S )  a n d   r N + l ( C , x )   a r e  a l w a y s  
e v e n   f u n c t i o n s  o f  5 .  

We are p a r t i c u l a r l y   i n t e r e s t e d   i n   c a s e s  where the modu la t ing  
f u n c t i o n   a ( x )  i s  r e l a t i v e l y  well  behaved.  If t h e  f i rs t  N d e r i v a -  
t i v e s   o f   ~ ( x )   e x i s t ,   t h e n  the  f irst  N d e r i v a t i v e s   @ $ n ) ( E , x )  are 
c o n t i n u o u s   i n  the v a r i a b l e  5 a t  5 = 0 .  

I n   t h e s e   c a s e s ,  the  t e rms  n = odd i n t e g e r   i n   E q s .  ( 4 . 6 a , b )  
v a n i s h ,   a n d  w e  may r e w r i t e  E q .  ( 4 . 6 a )  as 



However, d i f f e r e n t i a t i n g *  Eq. (3.11) n times w i t h  r e s p e c t   t o  k and 
d e f i n i n g  

we have 

( 4 . 9 )  

( 4 . 1 0 )  

hence ,   Eq .   (4 .8 )  may b e  e x p r e s s e d  as 

(4.11) 

where 

( 4 . 1 2 )  
5 =-0 

and  where we have l e f t  t h e  p l u s   s i g n   o u t   o f  t h e  argument   of  
$ $ n ) ( O + , x )   i n  Eqs. ( 4 . 8 )   a n d  ( 4 . 1 2 )  b e c a u s e   c o n t i n u i t y   o f  t h e  f i r s t  
N d e r i v a t i v e s   o f   o ( x )  implies c o n t i n u i t y  a t  5 = 0 o f  t h e  f i r s t  N 
d e r i v a t i v e s  w i t h  r e s p e c t   t o  5 o f  @ O ( < , x ) .  

Equa t ion  ( 4 . 1 1 )  i s  t h e  desired r e s u l t .  The c a s e   o f  t h e  most 
i n t e r e s t  i s  t h a t  where t h e  power   spec t rum  of  t h e  component   z(x)  has 
t h e  von  Karman  form. I n  these cases ,  d i f f e r e n t i a t e  Q , (k )  N 
times t o   o b t a i n  t h e  e x p a n s i o n   f u n c t i o n s  @in ( k ) ,  n = O,l,**w, N i n  
Eq. ( 4 . 1 1 ) .  E v a l u a t i o n  o f  t h e   e x p a n s i o n   c o e f f i c i e n t s  a n ( x )  w i l l  be 
d i s c u s s e d   s h o r t l y .  

we ma.Y 

* D i f f e r e n t i a t i o n   u n d e r  t h e  i n t e g r a l   s i g n  is d i scussed   on   p .   443  of 
Aposto l  [ I S ] .  
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I 

I n  t he  a p p l i c a t i o n s   o f  t h e  se r ies  expansion  of  Eq. (4.11) tha t  
f o l l o w ,  w e  shal l  dea l  mos t ly  w i t h  c a s e s   w h e r e  t he  remainder  term 
RN+l(k,x) i s  i d e n t i c a l l y   z e r o .   N e v e r t h e l e s s ,  for o t h e r   s i t u a t i o n s ,  
bounds  can be put   on t h e  magnitude of  t h i s  term as f o l l o w s .  It i s  
e v i d e n t   d i r e c t l y   f r o m  Eq. ( 4 . 7 b )  tha t  

Hence,  from E q s .  ( 4 . 5 )   a n d   ( 4 . 1 3 )  i t  f o l l o w s  tha t  

( 4 . 1 4 )  

max ( N + 1 )  
where O < q < m  1 %  ( q , x )  1 d e n o t e s  t h e  maximum v a l u e   o f  
w i t h i n  t h e  i n t e r v a ' l  O<q<k. For a p p l i c a t i o n s  where the  form  of t h e  ' 

a u t o c o r r e l a t i o n   f u n c t i o n s   + a ( S , x )   a n d  + , ( 5 )  a r e  a n a l y t i c a l ,  Eq. 
( 4 . 1 4 )  may be ea s i ly  a p p l i e d  t o   p r o v i d e  a bound  on RN+ ( k , x ) .  
N o t i c e  t h a t  t h e  bound  provided by t h e   r i g h t - h a n d  s ide  is indepen-  
dent  of  wavenumber k .  

D e r i v a t i o n   o f   E x p r e s s i o n s   f o r   E x p a n s i o n   C o e f f i c i e n t s  

For s i t u a t i o n s  where t h e  i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c -  
t i o n   $ a ( S , x )  is known, Eq. ( 4 . 1 2 )  p r o v i d e s   a n   e x p r e s s i o n  f o r  eva lu -  
a t i n g  t h e  e x p a n s i o n   c o e f f i c i e n t s   a n ( x ) .  Other e x p r e s s i o n s  w i l l  now 
be d e r i v e d   f o r   s i t u a t i o n s  where a ( x )  i s  r e g a r d e d  as e i t h e r  a de te r -  
m i n i s t i c   f u n c t i o n  or a sample f u n c t i o n   f r o m  a p o s s i b l y  nonhomo- 
g e n e o u s   p r o c e s s  or a n   e r g o d i c   p r o c e s s .  

Case of d e t e r m i n i s t i c  a ( x ) .  A p p l y i n g   L e i b n i z ' s   f o r m u l a   f o r  
the n t h   d e r i v a t i v e   o f  t h e  p r o d u c t   o f   t w o   f u n c t i o n s   t o  the  e x p r e s -  
s i o n   f o r  @ , ( E , X )  g i v e n  by Eq. ( 3 . 5 ) ,  w e  have 



where 

n n! 
( k )  = k! (n-k) !  9 

a re  t h e  b i n o m i a l   c o e f f i c i e n t s .   B u t  

and 

Combining Eqs. (4.15) t o  (4.17) g i v e s  

T h u s ,   e v a l u a t i n g  E q .  ( 4 . 1 8 )  a t  5 = 0 and 
e x p r e s s i o n  w i t h  Eq. (4.12) g i v e s  

(4.18) 

combining t h e  r e s u l t i n g  

1 n k  n d k u ( x )  d o(x) n-k 

(-iQr)n k=O d x  dx 
a n ( x )  = 1 ( k )  n-k (4 19) 

From Eq. (4.19), we s h a l l  now show t h a t  

a n ( x )  = 0 3 n = odd . ( 4 . 2 0 )  
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We f i rs t  n o t e   f r o m  the d e f i n i t i o n   o f  t h e  b i n o m i a l   c o e f f i c i e n t s ,  
Eq. ( 4 . 1 6 ) ,  t h a t  

(4 .21 )  

Fur the rmore ,  when  n i s  odd, t he re  are always  an  even  number  of  
terms i n  t h e  summation  on the  r i g h t - h a n d  s ide  o f  Eq. ( 4 . 1 9 ) .  For 
e v e r y  term f o r   w h i c h  k < ( n / 2 ) ,   t h e r e  i s  a c o r r e s p o n d i n g   t e r m . n - k ,  
where (n-k)  > (n /2) ,   which   f rom  Eqs .  ( 4 . 1 9 )  and ( 4 . 2 1 )  h a s   i d e n t i -  
c a l  m a g n i t u d e   b u t   o p p o s i t e   s i g n   t o  t h e  term where k c (n /2 )  when- 
e v e r  n i s  odd.   Consequent ly ,   an(x)  i s  i d e n t i c a l l y   z e r o  when n i s  
odd. 

When n i s  e v e n ,   t h e r e  i s  an  odd  number  of terms i n  t h e  sum on 
the  r i g h t - h a n d  s ide  of   Eq.   4 .19.  The middle term i s  t h e  term f o r  
which k = n/2.  For e v e r y  term for which k < ( n / 2 )  there  i s ,  i n  th i s  
c a s e ,  a c o r r e s p o n d i n g  term (n-k)  > ( n / 2 )   i d e n t i c a l   i n   b o t h  magni- 
t u d e   a n d   s i g n   t o  t h e  c o r r e s p o n d i n g  term f o r   w h i c h  k < (n /2) .   Hence ,  
n o t i n g  t h a t  (-l)n = 1 when n i s  even ,   Eq .   (4 .19)   can  be e x p r e s s e d ,  
whenever n i s  even ,  as 

Equa t ions   (4 .20 )   and   (4 .22 )  a r e  t h e  d e s i r e d  e x p r e s s i o n s   f o r  the 
e x p a n s i o n   c o e f f i c i e n t s   a n ( x )   f o r   c a s e s  where t h e  modu la t ing   func -  
t i o n   a ( x )  i s  c o n s i d e r e d   t o  be d e t e r m i n i s t i c .  

Not ice   f rom E q .  ( 4 . 2 2 )  t h a t  e v a l u a t i o n  a t  l o c a t i o n  x of  t h e  
in s t an taneous   spec t rum  cPw(k ,x )  by t h e  f i n i t e  ser ies  expans ion  of  
Eq. (4.11) d e p e n d s   o n l y   o n   p r o p e r t i e s  o f  a(x> measured a t  that  same 
v a l u e   o f   x .   T h i s   p r o p e r t y  i s  n o t   t r u e   o f  t h e  m o s t   g e n e r a l   r e p r e -  
s e n t a t i o n   o f  t h e  ins t an taneous   spec t rum  cPw(k ,x ) ,   wh ich   does   no t  
depend  on  convergence  of  the  ser ies  of Eq. ( 4 . 1 1 ) .  However, from a 
p h y s i c a l   p o i n t   o f   v i e w ,   d e p e n d e n c e   o f   c P w ( k , x )   o n l y   o n   p r o p e r t i e s  of 
a ( S )  i n  t h e  immediate v i c i n i t y  o f  6 = x i s  a v e r y   d e s i r a b l e ’ p r o p -  
e r t y .  E x p r e s s i o n s   f o r   a , ( x )   t o  a g ( x ) ,  ob ta ined   f rom Eq. 4 . 2 2 ,  a re  
w r i t t e n   o u t   i n   A p p e n d i x  E .  

Case  of p o s s i b l y  n o n h o m o g e n e o u s   s t o c h a s t i c   p r o c e s s  o ( x l .  I n  
c a s e s  where o ( x )  i n  Eq. (3.la) i s  c o n s i d e r e d  t o  b e  a p o s s i b l y  non- 
homogeneous s t o c h a s t i c   p r o c e s s  t h a t  i s  independen t  of  t h e  



homogeneous  process  z(x), t h e  terms a n ( x >  may b e  o b t a i n e d   b y  taking 
t h e  e x p e c t e d   v a l u e  of E q .  (4 .221 ,  i . e . ,  

and  where , from E q .  ( 4 . 2 0 )  , w e  have  

a n ( x )  = 0 , n = odd . ( 4 . 2 0   r e p e a t e d )  

Case of ergodic process  o ( x l .  According t o  E q .  ( 3 . 1 7 a ) ,   i n  
c a s e s  where a ( x )  i s  e r g o d i c   a n d   i n d e p e n d e n t   o f   z ( x ) ,  we may o b t a i n  
t h e  u s u a l  power s p e c t r a l   d e n s i t y  CP ( 1 0  o f  t h e  p rocess   w(x )   by  
t a k i n g  t h e  a v e r a g e   v a l u e   o f   Q , ( k , x r  w i t h  r e s p e c t   t o ,   x .  From E q .  
( 4 . 1 1 ) ,  i t  i s  e v i d e n t  t h a t  t h l s  a v e r a g i n g   o p e r a t i o n   r e q u i r e s   i n t e -  
g r a l s  o f  t h e  c o e f f i c i e n t s   a , ( x ) .   I n   A p p e n d i x   F y  i t  i s  shown [ E q .  
( F . 1 4 ) ]  t h a t  f o r  n = even ,  w e  h a v e ,   u p o n   i n t r o d u c i n g   t h e   d e f i n i t i o n  
( F .  11) Y 

r B  

1 2 

( " / * ) ( x ) ]  d x  , n = even  , ( 4 . 2 4 )  

where ~ ( ~ ) ( x )  i s  t h e  k t h  d e r i v a t i v e   o f   a ( x ) .  The f i r s t  term i n  t h e  
r i g h t - h a n d   s i d e   o f  Eq. ( 4 . 2 4 )  i n v o l v e s   e v a l u a t i o n   o f  t h e  d e r i v a t i v e s  
o f   o ( x ) . t h r o u g h   o r d e r   n - 1   e v a l u a t e d  a t  t h e  e n d p o i n t s  of  t h e  i n t e r v a l  
A < x < B.  F o r   s t a t i o n a r y   p r o c e s s e s   w h o s e   d e r i v a t i v e s   t h r o u g h  o rde r  
n exist, t h e  e x p e c t e d   v a l u e   o f  t h e  f i r s t  term w i l l  b e  i ndependen t  
o f  t h e  l e n g t h   o f  t h e  i n t e g r a t i o n   i n t e r v a l  X = B-A, p r o v i d e d  t ha t  X 
i s  l a r g e r   t h a n  t h e  c o r r e l a t i o n   i n t e r v a l   o f  t h e  p r o c e s s   u ( x ) .  
F u r t h e r m o r e ,   s i n c e   [ o ( n / 2 ) ( x ) ] 2  i s  n e c e s s a r i l y   p o s i t i v e ,  t h e  second 
term i n  t h e  r i g h t - h a n d  s i d e  o f  Eq. ( 4 . 2 4 )  i n c r e a s e s  w i t h  i n c r e a s i n g  
X = B-A, a n d   f o r   e r g o d i c   p r o c e s s e s ,  t h i s  i n t e g r a l  w i l l  become 
p r o p o r t i o n a l   t o  X = B-A as X m .  Consequent ly ,  as  X-, t h e  f i r s t  
term w i l l  become n e g l i g i b l e   i n   c o m p a r i s o n  w i t h  t h e  second term. 
Hence, i n  t h e  c a s e   o f   e r g o d i c   p r o c e s s e s ,  we h a v e   f o r  t h e  s p a c e  
a v e r a g e   o f   a n ( x )  when t h e  a v e r a g i n g   i n t e r v a l  i s  v e r y  l a rge :  



l i m  1 x/ 2 
<a > - 

n X  
x- TT I,/, 

where < - * * > X  d e n o t e s   a n   a v e r a g e  w i t h  r e s p e c t   t o  t h e  v a r i a b l e  x ove r  
a n   i n f i n i t e   i n t e r v a l  as i n d i c a t e d   b y  Eq. ( 4 . 2 5 a ) .   N o t i n g  t h a t ,  i n  
t h e  c a s e   o f   e r g o d i c   p r o c e s s e s ,   < $ u ( E , x ) > x  = $ , ( E ) ,  as i s  i n d i c a t e d  
by Eq. (3.19), w e  have  by  combining Eqs. ( 3 . 1 9 1 ,  ( 4 . 1 2 ) ,   a n d   ( 4 . 2 5 ~ )  
a n d   s e t t i n g  n = 2m,  

( 4 . 2 6 )  

which i s  a well known r e s u l t ;  see, e . g . ,  p .  2 1  of  Bendat 1 2 7 3 .  

The r e s u l t  i m p l i e d  by  t h e  e q u a l i t y  o f  E q s .  (4 .25a)   and  (4 .25b . )  
d o e s   n o t   d i r e c t l y   d e p e n d   o n  t h e  e r g o d i c   h y p o t h e s i s ;  r a t h e r ,  i t  
a p p l i e s  t o   s p e c t r a   i n   g e n e r a l  t h a t  a r e  computed  from a s i n g l e  
r e c o r d  by a p p r o p r i a t e   a v e r a g i n g   o v e r  t h e  c o o r d i n a t e  x .  I n  t h i s  
i n t e r p r e t a t i o n ,  i t  i s  i m p o r t a n t   t o   n o t i c e  t h a t  i f  a ( x )   a n d  i t s  
d e r i v a t i v e s   v a n i s h  a t  t h e  e n d p o i n t s   o f   t h e   a v e r a g i n g   i n t e r v a l ,  t h e  
f i rs t  term o n   t h e   r i g h t - h a n d  s ide  of Eq. ( 4 . 2 4 )  v a n i s h e s ,   a n d  t h e  
o n l y   r e s u l t  t h a t  c o n t r i b u t e s   t o  t h e  r i g h t - h a n d  s ide  o f  Eq. ( 4 . 2 4 )  
is t h e  i n t e g r a l   o f   [ a ( n / 2 ) ( x ) 1 2   p r o v i d e d   b y  t h e  second term. 
F u r t h e r m o r e ,   i n  t h i s  c a s e ,  or when t h e  c o n t r i b u t i o n s   p r o v i d e d  by 
t h e  e n d p o i n t s  a re  n e g l i g i b l e ,  i t  i s  immedia t e ly   ev iden t   f rom Eq. 
( 4 . 2 4 )  t h a t  t h e  i n t e g r a l   o f   e v e r y   a n ( x ) ,  n = 0 ,2 ,4 , -=*  i s  nonnega- 
t i v e .   F o r   e r g o d i c   p r o c e s s e s ,  i t  i s  immedia t e ly   ev iden t   f rom Eq. 
( 4 . 2 % )  t h a t  <an>x, n = 0 , 2 , 4 , = . *  i s  a lways   nonnega t ive .  

I n t e r p r e t a t i o n  o f  Ser ies   Expans ion  

We sha l l  now i n t e r p r e t  t h e  se r ies  e x p a n s i o n   o f  Eq. ( 4 . 1 1 )  i n  
terms o f   t y p i c a l   l e n g t h   s c a l e s  of  t h e  p r o c e s s e s  a(x) and z(x). We 
c o n s i d e r  f i rs t  d e t e r m i n i s t i c   m o d u l a t i n g   f u n c t i o n s   a ( x ) .   C o n s i d e r  a 
f a m i l y   o f   m o d u l a t i n g   f u n c t i o n s  u ( x ) ,  e ach   o f   wh ich  i s  i d e n t i c a l  w i t h  
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all o t h e r s   i n  t h e  f a m i l y   e x c e p t  f o r  a s c a l e   f a c t o r   o n  t h e  "x-axis".  
Then, i f  we d e f i n e  a l e n g t h   s c a l e ,  L,, a s s o c i a t e d  w i t h  t h i s  f a m i l y ,  
a l l  members o f  the  f a m i l y  become i d e n t i c a l  when p l o t t e d  as a func-  
t i o n  o f  x/L,. Let u s  d e f i n e  the  d i m e n s i o n l e s s   i n d e p e n d e n t   v a r i -  
a b l e  a s s o c i a t e d  w i t h  t h i s  f a m i l y   o f   f u n c t i o n s   b y  

- A  x = x/L, ; ( 4 . 2 7 )  

hence ,  we have  x = L, x. Then, t h e  f a m i l y  o f  f u n c t i o n s   o f  t h e  
d i m e n s i o n l e s s   c o o r d i n a t e  X, d e f i n e d  b y  

- 

a re  a l l  i d e n t i c a l  ( b y   d e f i n i t i o n ) .  T h i s  f a c t  i s ,  perhaps,   more 
e a s i l y   s e e n  i f  w e  s u b s t i t u t e  E q .   ( 4 . 2 7 )   i n t o   ( 4 . 2 8 ) ;  i . e . ,  

where w e  h a v e   r e v e r s e d  t h e  two s i d e s   o f  t h e  e q u a t i o n .  

Cons ide r ,  now, t h e  e x p a n s i o n   c o e f f i c i e n t ,  a n ( x ) ,  d e f i n e d   b y  
Eq .  ( 4 . 1 9 ) ,  w h i c h   r e q u i r e s   t h e   d e r i v a t i v e s   o f  a(x) f o r  i t s  e v a l u a -  
t i o n .   D e f i n e  

Then, i t  immediately f o l l o w s  by  r e p e a t e d   d i f f e r e n t i a t i o n   o f  E q .  
( 4 . 2 9 ) ,   u s i n g  t h e  " c h a i n   r u l e " ,  t h a t  

Consequent ly ,  u s i n g  Eq. (4.31), E q .  ( 4 . 1 9 )  may b e  w r i t t e n  as 
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o r ,  chang ing  t o  the  d i m e n s i o n l e s s   v a r i a b l e  x on t h e  r igh t -hand  
s i d e ,  Eq. (4 .32 )  may be e x p r e s s e d  as 

Now, s i n c e  a l l  members , ( x )   o f  the  f a m i l y   o f   f u n c t i o n s  a re  i d e n t i -  
tal, i t  f o l l o w s  tha t  t h e  r i g h t - h a n d   s i d e   o f  Eq. (4 .33 )  i s  i d e n t i c a l  
f o r  a l l  members of  t h e  f a m i l y ,   e x c e p t   f o r   t h e  term ( l / L , ) n .  Con- 
s e q u e n t l y ,  i t  fo l lows   f rom  Eq.   (4 .33)  t h a t  f o r   f u n c t i o n s   , ( x ) ,  
i d e n t i c a l   e x c e p t   f o r  a s c a l e   f a c t o r  L, on t h e  a b s c i s s a ,  the  co- 
e f f i c i e n t s   a n ( x ) ,   e v a l u a t e d  a t  " e q u i v a l e n t   p o s i t i o n s "  X, are pro-  
p o r t i o n a l   t o  ( W L , ) ~ .  I n t e g r a l s   o f   a n ( x )  a re  p r o p o r t i o n a l  to 
( l /Lo)n - l .   No t i ce   t ha t  we may c o n s i d e r  t h e  ( i d e n t i c a l )   f u n c t i o n s  - 
u ( Y )  as . a l l  h a v i n g   t h e  same l e n g t h   s c a l e   o f   u n i t y   i n   t h e   v a r i a b l e  x. 

" 

- 

F o r  homogeneous s t o c h a s t i c   p r o c e s s e s  ,(x), l e t  u s   d e f i n e  t he  
a u t o c o r r e l a t i o n   f u n c t i o n   o f   ~ ( x ) ,  as  b e f o r e ,  by 

L e t  u s  now c o n s i d e r  a f a m i l y  o f  s t o c h a s t i c  processes ,(x), where 
each  member process of  t h e  f a m i l y  i s  i d e n t i c a l   t o  t h e  o t h e r s  
e x c e p t   f o r  a s c a l e   f a c t o r  L, o n   t h e   a b s c i s s a .  T h i s  i m p l i e s  t h a t  
t h e  n o r m a l i z e d   a u t o c o r r e l a t i o n   f u n c t i o n ,   d e f i n e d  as 

i s  t h e  same f o r  a l l  s t o c h a s t i c   p r o c e s s e s  ,(x) i n  t h e  fami ly ,   where  
w e  h a v e   d e f i n e d  the  d i m e n s i o n l e s s   l a g   v a r i a b l e  as 

- A  E = S/L 0 . 

Equa t ion  (4 .35b)  may b e   e x p r e s s e d   i n   t e r m s   o f   t h e   v a r i a b l e  5 by 
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where w e  have   ag . a in   r eve r sed  t h e  
1% 

w e  have   f rom  Eqs .   (4 .36 )   and   (4 .37 ) ,  

two s ides  o f  t he  equa t ion .   Def in -  

¶ (4 .38)  

App ly ing   Eq .   (4 .39 )   t o  E q .  ( 4 . 1 2 )  f o r  t h e  homogeneous  case where 
$ c r ( c , x )  i s  a f u n c t i o n   o f  6 o n l y ,  as i n d i c a t e d  by Eq. ( 3 . 1 3 ) ,  we 
have  

( 4 . 4 0 )  

Consequen t ly ,   fo r   homogeneous   p rocesses  t h a t  a re  i d e n t i c a l   e x c e p t  
f o r  a s c a l e   f a c t o r  L, on t h e  i n d e p e n d e n t   v a r i a b l e   x ,  t h e  c o e f f i -  
c i e n t s   a n ( x )  are  a l l  i d e n t i c a l  w i t h  e a c h   o t h e r   e x c e p t   f o r  a m u l t i -  
p l i c a t i v e   c o n s t a n t  ( l / L , ) n ,  as was t h e  c a s e  f o r  d e t e r m i n i s t i c  ,(x). 
A c o m p a r a b l e   r e s u l t   c a n  be  proved  from  Eq. ( 4 . 1 2 )  f o r  nonhomoge- 
n e o u s   s t o c h a s t i c   p r o c e s s e s   , ( x ) .  

Cons ider  now t h e  homogeneous   p rocess   z (x )   i n  E q .  ( 3 . 1 ) .   A g a i n ,  
we c o n s i d e r  a f a m i l y   o f   p r o c e s s e s   z ( x ) ,  where each  member p r o c e s s  i s  
i d e n t i c a l   t o  t h e  o t h e r s   e x c e p t   f o r  a s c a l e   f a c t o r  Lz on t h e  
a b s c i s s a .  Let $ , ( 5 )  b e  t h e  a u t o c o r r e l a t i o n   f u n c t i o n   o f   o n e   o f  these  
p r o c e s s e s .   D e f i n e  a d i m e n s i o n l e s s   i n d e p e n d e n t   v a r i a b l e   a s s o c i a t e d  
w i t h  t h e  p r o c e s s   z ( x )  by 

( 4 . 4 1 )  

and  a d i m e n s i o n l e s s   l a g   v a r i a b l e  b y  

T h e n ,   b y   a r g u m e n t s   i d e n t i c a l   t o   t h o s e   a b o v e   f o r  t h e  s t o c h a s t i c  
p r o c e s s  ~ ( x ) ,  i t  f o l l o w s  that  the  n o r m a l i z e d   a u t o c o r r e l a t i o n   f u n c -  
t i o n  ~ , ( ~ ) ,  d e f i n e d  as 



i s  t h e  same f o r  e v e r y   o n e   o f  t h e  s t o c h a s t i c   p r o c e s s e s  z(x) i n   t h e  
f a m i l y .   E x p r e s s i n g  E q .  ( 4 . 4 3 )   i n   t e r m s   o f  t he  d imens iona l  lag 
v a r i a b l e  E g i v e s  

where we h a v e   a g a i n   r e v e r s e d  the two sides of   Eq .   (4 .431 . i .n  
g o i n g   t o   E q .  ( 4 . 4 4 ) .  

L e t  u s  now form t h e  F o u r i e r   t r a n s f o r m   o f  @ z ( E )  [which i s  t h e  
wavenumber  spectrum  of t h e  p r o c e s s  z ( x ) ] ,  and  then   use   Eq .  ( 4 . 4 4 ) :  

where we have   de f ined  

( 4 . 4 6 )  

where E 4 L k i s  a dimensionless   wavenumber.   According  to   Eqs.  
( 4 . 9 )  and (8.11), w e  a r e   i n t e r e s t e d   i n  t h e  d e r i v a t i v e s   o f  Q Z ( k ) .  
D e f i n i n g  

w e  have ,   upon  us ing  E q .  (4 .45 )   and  t h e  " c h a i n   r u l e " ,  

(4 .47 )  
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@Z ( n ) ( k )  = Lz @!z ( k )  ( 4 . 4 8 a )  
n + l   - ( n )  - 

( 4 . 4 8 b )  

Now, s i n c e  Tz(r) i s  t h e  same f o r  a l l  members o f   t h e  f a m i l y  o f  
s t o c h a s t i c   p r o c e s s e s   z ( x )   u n d e r   c o n s i d e r a t i o n ,  i t  fo l lows   f rom 
Eq. ( 4 . 4 6 )  t h a t  i z ( E )  a n d ,   t h e r e f o r e ,  i t s  d e r i v a t i v e s  a r e  a l s o  t h e  
same f o r  a l l  members. Thus, i t  fo l lows   f rom Eq. ( 4 . 4 8 a )  t ha t  t h e  
n t h  d e r i v a t i v e   o f  the  wavenumber  spectrum o f  any  one  of t h e  members 
o f  t h e  f a m i l y   o f   p r o c e s s e s  i s  e q u a l  to L;+l times a f u n c t i o n  t h a t  
i s  common t o  a l l  members o f  t h e  f a m i l y .  

L e t  u s  now combine E q s .  ( 4 .33 )   and   (4 .48b)  w i t h  t h e  ser ies  
expans ion ,   Eq .  ( 4 . 1 1 ) :  

( 4 . 4 9 )  

where gn(x) and - ( n ) ( E )  Oz a r e  t h e  same f o r  all members o f  t h e  
famil ies  o f   p r o c e s s e s  t h a t  t h e y   r e s p e c t i v e l y   d e s c r i b e .  I t  f o l l o w s  
t h a t  t h e  r a t e  of convergence  of t h e   s e r i e s   i n  E q s .  ( 4 . 1 1 )  and 
( 4 . 4 9 )  i s  c o n t r o Z Z e d   b y   t h e   r a t i o  of l e n g t h   s c a l e s  Lz/Lo, and t h a t  
when ( L Z / L a )  <<  1, convergence   shouZd   be   rap id .  

L e t  us now examine t h e  f i r s t  term i n  E q .  ( 4 . 1 1 ) .  E v a l u a t i n g  
E q .  ( 4 . 1 9 )   f o r  n = 0 ,  we see immedia te ly  t h a t ,  f o r   d e t e r m i n i s t i c  
a ( x )  , we have 

Hence, t h e  f i r s t  term i n  Eq. ( 4 . 1 1 )  i s  0 2 ( x )  Oz(k), which   acco rd ing  
t o  Eqs.  ( 4 . 4 9 ) ,  ( 4 . 3 3 ) ,   a n d   ( 4 . 4 5 )  i s  t h e   l i m i t i n g   f o r m   o f  t h e  
i n s t a n t a n e o u s   s p e c t r u m  Q w ( k , x )  as ( L Z / L a )  + 0 ;  t h a t  i s ,  

as we m i g h t   e x p e c t   o n   i n t u i t i v e   g r o u n d s .   E q u a t i o n   ( 4 . 5 1 )  i s  t h e  
u s u a l   q u a s i - s t a t i o n a r y   ( o r  more appropr i a t e ly ,   quas i -homogeneous )  
spec t rum  approx ima t ion .  The above   a rguments   p rovide  a r i g o r o u s  
j u s t i f i c a t i o n   o f  t h i s  approx ima t ion .  
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I n   o r d e r   t o   d e t e r m i n e  when nonhomogeneous   behavior   begins   to  
h a v e   a n   e f f e c t   o n  the f o rm of  the i n s t a n t a n e o u s  wavenumber  spectrum, 
we need t o   i n c l u d e   o n e   c o r r e c t i o n  term t o  th.e approximat ion ,   Eq .  
( 4 . 5 1 ) .   A c c o r d i n g   t o  Eq.  (4.191, w e  have  

a , ( x )  = - - {a(x) a " ( x )  - [ a ~ ( x ) ] 2 }  
8n2  

- "- d ! x )   d 2 R n a ( x )  . 
~ I T  

9 

dx2 

h e n c e ,   i n c l u d i n g   o n l y   o n e   c o r r e c t i o n  term t o  t h e  quasi-homogeneous 
approx ima t ion ,  E q .  ( 4 . 5 1 ) ,  we have  f rom E q s .  ( 4 . 1 1 ) ,  (4 . '51) ,  and 
( 4 . 5 2 b ) ,  

By comparing t h e  magn i tudes   o f  t h e  two  te rms   wi th in  t he  b r a c k e t s   i n  
E q .  (4 .53 ) ;  w e  c a n   d e t e r m i n e  when nonhomogeneous.behavior  becomes 
s u f f i c i e n t l y  r a p i d  t o  change t h e  form  of  t h e  wavenumber  spectrum 
Qz(k>  - 

It i s  ev iden t   f rom E q .  ( 4 . 1 2 )  t h a t  t h e   s e c o n d  term w i t h i n  t h e  
b r a c k e t s   i n  Eq .  ( 4 . 5 3 )  a r i s e s  from t h e  s e c o n d   d e r i v a t i v e  w i t h  
r e s p e c t   t o  5 o f   t h e   i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n   $ 1 ~ ( 5 , x )  
e v a l u a t e d  a t  5 = 0 .  Consequent ly ,  i f  @o(S,x) i s  wel l  approximated  
by a q u a d r a t i ' c   f u n c t i o n   o f  5 o v e r   t h e   r a n g e   o f  5 where Q Z ( 5 )  i s  n o t  
n e g l i g i b l e ,   t h e n  t h e  approx ima t ion  of E q .  ( 4 . 5 3 )   s h o u l d   p r o v i d e  
good r e s u l t s .   F i g u r e  6 i l l u s t r a t e s   s u c h  a s i t u a t i o n .  

E x p a n s i o n   F u n c t i o n s   f o r   v o n   K a r m a n   S p e c t r a  

I n   o r d e r   t o   e v a l u a t e  t h e  s e r i e s  expans ion   o f  E q .  (4.11), i t  i s  
n e c e s s a r y   t o   c a l c u l a t e  t h e  d e r i v a t i v e s   o f  t he  power  spectrum Qz(k) 
o f  t h e  homogeneous  component z ( x ) .  The c a s e   o f   m o s t   i n t e r e s t  i s  
the  von Karman t r a n s v e r s e   s p e c t r u m   w h i c h  has t h e  gene ra l   fo rm 

( 4 . 5 4 )  
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E = LZk , (4 .55 )  

where 

- az(k) = A + B E 2  
(1 + c l'6 

where 

f , ( k )  = A + B k2 ( 4 . 5 7 )  

and  where, for a t w o - s i d e d   s p e c t r u m   s a t i s f y i n g  [see E q .  ( 3 . l b ) l  

m 

I m  
@ , ( k ) d k  = < z 2 >  = 1 , . 

w e  have* 

A = l  

B = 188.75 

C = 7 0 . 7 8  . 

( 4 . 5 9 )  

( 4 . 6 0 )  

T h e   q u a n t i t y  Lz i s  t h e  i n t e g r a l   s c a l e  o f  t h e  t u r b u l e n c e .  

may e x p r e s s  t h e  nkh d e r i v a t i v e   o f  sz(E) o f  E q .  ( 4 . 5 6 b )  as 
U s i n g   L e i b n i z ' s   r u l e  for t h e  n t h   d e r i v a t i v e   o f  a p r o d u c t ,  we 

( 4 . 6 1 )  

*Exact  v a l u e s   o f  t h e  c o n s t a n t s  B and C i n  E q .  ( 4 . 6 0 )  a r e  g iven   by  
t he  l e f t - h a n d  sides o f   E q s .  ( C . 4 )  and ( C . 3 ) ,  r e s p e c t i v e l y .  
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where 

(4 .62 )  

Applying E q .  (4 .61 )  t o  Eq .  ( 4 . 5 6 b )   f o r  n = 0,2,4,6,   and 8, w e  ob- 
t a  i n  

( 4 . 6 3 )  

where t h e  f i rs t  e i g h t  d e r i v a t i v e s   o f  f 2 ( E )  a r e  l i s t e d  i n  Appendix G. 

The e x p a n s i o n   f u n c t i o n s  @ L n ) ( k )  i n  Eq. ( 4 . 1 1 )  c a n  be  computed 
from t h e  a b o v e   e x p r e s s i o n s   u s i n g  E q .  ( 4 . 4 8 b ) .   T h u s ,   e x c e p t   f o r  t h e  
ampl i tude   and  wavenumber s c a l e s ,  t h e  f u n c t i o n s   3 d n ) ( E )   h a v e  t h e  

e form as t h e  f u n c t i o n s  @ i n ) ( k ) .  The f u n c t i o n s  3 i n ) ( E ) /  
T % " ) ( O )  1 ,  computed  using t h e  above   fo rmulas ,  a r e  p l o t t e d   i n   F i g .  7 .  

The f u n c t i o n s   p l o t t e d   i n   F i g .  7 a r e  r e l a t ed  t o  t h e  ac tua l .  
e x p a n s i o n   f u n c t i o n s  by  

(4 .64 )  

as may be  seen  f rom E q .  ( 4 . 4 8 b ) .  Consequent ly ,  t h e  s igns  o f  t h e  
f u n c t i o n s   p l o t t e d   i n   F i g .  7 a re  t h e  same as  t h e  s i g n s   o f  t he  func-  
t i o n s  cpdn)(E/L,). T h i s  f a c t  i s  i m p o r t a n t   f o r  t he  f o l l o w i n g   r e a s o n .  
It was p o i n t e d  o u t  e a r l i e r ,  u n d e r   q u i t e   g e n e r a l   c o n d i t i o n s ,   t h a t  
i n t e g r a l s   o f  t h e  e x p a n s i o n   c o e f f i c i e n t s   a n ( x )  a re  n e c e s s a r i l y  non- 
n e g a t i v e .   C o n s e q u e n t l y ,   i n   u s i n g  t h e  s e r i e s  expans ion   o f  E q .  
( 4 . 1 1 )  t o  p r e d i c t  t h e  wavenumber s p e c t r a   o f   e x p e r i m e n t a l   r e c o r d s ,  
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t h e  c o r r e c t i o n s   t o  t h e  von  Karman s p e c t r a   p r o v i d e d  by t h e  terms 
n = 2 , 4 , 6 , - * *   i n   E q .  ( 4 . 1 1 )  have  t h e  same signs as t h e  s i g n s   o f  
t he  e x p a n s i o n   f u n c t i o n s   p l o t t e d   i n  F ig .  7 .  The spec t rum shown i n  
t h e  s e m i - l o g   p l o t  of F i g .  7 f o r  n = 0 i s  t h e  von Karman t r a n s v e r s e  
spec t rum.  The f i r s t  c o r r e c t i o n  term i n  Eq. ( 4 . 1 1 )  t o  t h e  von 
Karman spec t rum i s  p r o p o r t i o n a l  to t h e  c u r v e   i n   F i g .  7 f o r  n = 2 .  
Thus, when a f r a c t i o n  of t h e  c u r v e  for n = 2 i s  added t o  the  c u r v e  
f o r  n = 0,  t h e  r e s u l t i n g   s p e c t r u m  i s  l a r g e r   t h a n  t h e  c u r v e  for 
n = 0 f o r   v e r y  small v a l u e s   o f  k ,  b u t  i s  smaller t h a n  t h e  c u r v e  
f o r  n = 0 i n  the ne ighborhood o f  t h e  knee .   Thus ,   unde r   qu i t e  
g e n e r a l   c o n d i t i o n s ,  w e  have  shown t h a t  f o r  mi ld  nonhomogeneous 
e f f e c t s   p r e d i c t e d  by t h e  two term approx ima t ion  of  E q .  (4 .531 ,  the  
second term must  have t h e  e f f e c t   o f   s m o o t h i n g  t h e  knee   o f  t he  von 
-Karman spec t rum.  T h i s  g e n e r a l  e f f e c t  of  nonhomogeneous ( i . e . ,  
n o n s t a t i o n a r y )   b e h a v i o r  i s  we l l  known. 

F i n a l l y ,  we n o t e  tha t  t h e  v a l u e s   o f  T i n )  ( 0 )  a r e  

- 
O Z ( O )  = 1 . 0  

T ( " ( 0 )  = 9.210 x l o 8  
Z 

T(8)(o) = -4.898 x 10l2 . 
Z 

Examples: A b r u p t  Onset o f  Turbulence  a n d  
Burs t  o f  Turbulence  

Abrupt  onset of turbuZence .  As a f i r s t  example  of nonhomo- 
g e n e o u s   t u r b u l e n c e ,  w e  c o n s i d e r  t h e  c a s e  where t h e  modula t ing   func-  
t i o n   , ( x )   o f  Eq .  ( 3 . 1 )  r i ses  a b r u p t l y   f r o m   z e r o   t o   u n i t y .  A con- 
v e n i e n t   m a t h e m a t i c a l   r e p r e s e n t a t i o n   o f   s u c h   b e h a v i o r  i s  

, ( x )  = - [l + t a n h  ( 2 x / L , ) ]  . I 
2 ( 4 . 6 6 )  

which i s  i l l u s t r a t e d   i n  F i g .  8 .  No t i ce   f rom  F ig .  8 tha t  L, i s  t h e  
n o m i n a l   d i s t a n c e   a s s o c i a t e d  w i t h  t h e  r i s e :  L, i s  d e f i n e d  as t h e  
d i s t a n c e   r e q u i r e d  for a s t r a igh t  l i n e   a p p r o x i m a t i o n   t o   , ( x )   t o  r i s e  
f r o m   z e r o   t o   u n i t y   w i t h   s l o p e   e q u a l  to t h e  s l o p e  of  a ( x )   e v a l u a t e d  
a t  the  mid-rise p o s i t i o n  x = 0 .  N o t i c e  tha t  , (x )   r ema ins  a t  u n i t y  
f o r   a r b i t r a r l y  large v a l u e s   o f   x .  
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To e v a l u a t e  the  e f f e c t   o f  t h i s  nonhomogeneous  behavior of ~ ( x )  
on t h e  i n s t a n t a n e o u s   s p e c t r u m  Ow(k,x) ,  we need t o   e v a l u a t e   a , ( x )  
g iven   by  Eq. ( 4 . 5 2 a ) .  It i s  e a s y   t o  show  from  Eq. ( 4 . 6 6 )   t h a t   t h e  
f i rs t  two d e r i v a t i v e s   o f   a ( x )  are  

u ' ( x )  = ( l / L o )  sech2  (2x/L,)   (4 .67a)  

an  d 

a " ( x >  = -(4/L:) sech2   (2x /La)   t anh   (2x /Lu)  . (4 .67b)  

U s i n g   E q s .   ( 4 . 6 6 ) a n d   ( 4 . 6 7 ) , i t  i s  shown i n  Appendix H tha t  

a 2 ( x )  = - u2 (x> sech2 (4 .68 )  

T h e r e f o r e ,   u s i n g   E q s .  ( 4 . 5 0 )  and ( 4 . 6 8 ) ,  we  may e x p r e s s  t he  two- 
term approximat ion  t o  Q w ( k , x )  as 

= a 2 ( x )  Lz Q Z ( L Z k )  [- 
2 

+ 1 (2)  s e c h 2  ( 2 x / L u )  T L 2 ) ( L Z k )  , 
41T2 1 

where w e  have   u sed   Eq .   (4 .48b)   i n   go ing   t o  t he  l a s t   s t e p .  

The f i rs t  t e r m   a 2 ( x )  L, Q,(L,k) i n  the  r i g h t - h a n d  s ide o f  
Eq. ( 4 . 6 9 ~ )  i s  the  quas i -homogeneous   approx ima t ion   t o   t he   i n s t an -  
t a n e o u s   s p e c t r u m   Q , ( k , x ) ,   v a l i d  when (L,/L,) -f 0 .  No t i ce  that  t h e  
c o e f f i c i e n t   a 2 ( x ) ,   g i v e n  by E q .  ( 4 . 6 8 ) ,  i s  n o n n e g a t i v e *   f o r  a l l  

- 

L ,  

*It was shown i n   S e c .  4 . 2  t ha t  i n f i n i t e  i n t e g r a Z s  of  t he  an (x )   mus t  
be p o s i t i v e ;   h o w e v e r ,   f o r  some v a l u e s  o f  x ,  the  c o e f f i c i e n t s   a n ( x )  
c a n ,   i n   g e n e r a l ,  be n e g a t i v e .  

~~ 
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v a l u e s  o f  x, a n d   t h a t  t h e  c o e f f i c i e n t   t o  t he  c o r r e c t i o n  term i n  
Eq.  ( 4 . 6 9 ~ )  i s  p r o p o r t i o n a l  to t h e  r a t i o   o f   l e n g t h  scales  (L,/L,)2, 
as was shown, f o r   g e n e r a l   p r o c e s s e s ,  by  Eq. ( 4 . 4 9 ) .  

The dependence  on x of  t h e  c o r r e c t i o n  term i n  E q .  ( 4 . 6 9 ~ )  i s  
p r o p o r t i o n a l  t o  sec2 (2x /Lo)   wh ich  i s  p l o t t e d   i n   F i g .   9 .  From F i g .  
9 ,  i t  i s  e v i d e n t  t h a t  t h e  c o r r e c t i o n  term has a p p r e c i a b l e   i n f l u e n c e  
o n l y   i n  t he  reg ion   - (L , /2)  < x < (L,/2), where , ( x )  i t s e l f  d i s p l a y s  
nonhomogeneous  behavior,  as may be s e e n   f r o m   F i g .   8 .  

S i n c e  t he  s i g n   o f   a , ( x ) ,  Eq. ( 4 . 6 8 ) ,  i s  everywhere   nonnegat ive ,  
it i s  e a s i l y   s e e n   f r o m   E q .   ( 4 . 6 9 a )   a n d   F i g .  7 tha t  t h e  nonhomo- 
geneous   behav io r   o f  t h e  p r e s e n t   e x a m p l e  has   the e f f e c t  o f  smoothing 
t h e  knee t h e  von Karman spec t rum f r a l l  v a l u e s   o f  x. Noting  f rom 
Eqs .   (4 .65 )  t h a t  m z ( 0 )  = 1 and Ti2y(0) = 117.97   and   f rom  F ig .  9 
t h a t  s e c h ’ ( 0 )  = 1, i t  i s  e v i d e n t   f r o m   F i g .  7 and E q .  ( 4 . 6 9 ~ )  t h a t  
t h e  r a t i o   o f   t h e  maximum c o n t r i b u t i o n   o f  t h e  c o r r e c t i o n  term t o  t he  
quasi-homogeneous  term  occurs  a t  k = 0 ,  and  i s  

2 

z 3 . 0 ( 2 )  

It may be seen  f rom t h e  c u r v e s   f o r  n = 0 and  n = 2 i n   F i g .  7 t h a t  
when C 1 0 . 1 0 ,  t h e  c o r r e c t i o n  term i n  E q .  ( 4 . 6 9 ~ )  w i l l  e x h i b i t  
a p p r e c i a b l e   s m o o t h i n g   o f  t h e  k n e e .   S o l v i n g   E q .   ( 4 . 7 0 )   f o r  (Lz/L,) 
when C = 0 . 1 0 ,  we f i n d  (Lz/L,)  z 0 . 2  f o r  t h i s  case .   Consequen t ly ,  
when L, 5 5 L,, t h e   i n s t a n t a n e o u s   s p e c t r u m   o f   t h e   n o n h o m o g e n e o u s  
t u r b u l e n c e   w i t h   m o d u l a t i n g   f u n c t i o n  o(x) shown i n  F i g .  8 w i l l  show 
a s t r o n g Z y   r o u n d e d   k n e e   a t  x = 0 .  On t h e  o t h e r   h a n d ,  when C 5 0 .03 ,  
t h e   s m o o t h i n g   o f   t h e   k n e e   c a u s e d  by t h e   c o r r e c t i o n  term w i l l  be  
b a r e l y   d i s c e r n i b l e .   S o l v i n g  Eq. ( 4 . 7 0 )   f o r  (Lz/L,) f o r  t h i s  c a s e ,  
we f i n d  t ha t  when L > 10 L , t h e   n o n h o m o g e n e o u s   e f f e c t s  w i l l  be  
v i r t u a l l y   u n d e t e c t a g l e   i n   t g e   i n s t a n t a n e o u s   s p e c t r u m   f o r   t h e  
m o d u l a t i n g   f u n c t i o n  ,(x) shown i n  F i g .  8 .  

B u r s t  of t u r b u l e n c e .  For  a second  example,  we c o n s i d e r  t h e  
c a s e  where t h e  m o d u l a t i n g   f u n c t i o n  ~ ( x )  of  Eq. ( 3 . 1 )  r ises  a b r u p t l y  
f r o m   z e r o   t o   u n i t y ,   a n d   t h e n  f a l l s  a b r u p t l y   b a c k   t o   z e r o .  A con- 
v e n i e n t   m o d e l   f o r  t h i s  b e h a v i o r  i s  t h e  G a u s s i a n   f u n c t i o n .  

which i s  i l l u s t r a t e d   i n   F i g .  1 0 .  The c o e f f i c i e n t  7~ i n  t h e  exponent  
o f  Eq. ( 4 . 7 1 )  was chosen s o  t h a t  t h e  r u n n i n g   i n t e g r a l  / - t a ( c ) d c  has 
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r 

the same s c a l e  as t h e   f u n c t i o n  shown i n   F i g .  8; t h a t  is, the 
t a n g e n t   t o  /-:a.(S)dS a t  x = 0 g r o w s   f r o m   z e r o   t o   u n i t y   w i t h i n  a 
span  of e x a c t l y  L, u n i t s   o f   x .  

m e d i a t e l y  from Eq.  ( 4 . 7 1 )  tha t  d2Rna(x ) /dx2  = -27r/L:; hence ,  w e  
have 

Using Eq. ( 4 . 5 2 b )   t o   e v a l u a t e  a2 ( x )   i n  t h i s  c a s e ,  w e  f i n d  i m -  

which i s  everywhere   nonnegat ive ,  as was t h e   c a s e   i n   t h e   p r e v i o u s  
example. From  Eq. ( 4 . 6 9 a ) ,  w e  t h e r e f o r e   h a v e   f o r  our two-term 
approx ima t ion  t o  Q w ( k , x )   i n  t h i s  c a s e  

where we have   aga in   used  E q .  ( 4 . 4 8 )   i n   g o i n g   t o  the s e c o n d   s t e p .  
Equa t ion   (4 .73b)  i s  o f  t h e  genera l   form  of  E q .  ( 4 . 4 9 ) ,  as b e f o r e .  

a p p r o x i m a t i o n ,   i n  t h i s  c a s e ,  i s  independen t   o f   x .  
I The r e l a t i v e  weight of t h e   c o r r e c t i o n  term t o  t he  quasi-homogeneous 

Again  not ing  f rom E q s .  ( 4 . 6 5 )   t h a t  T,(O) = 1 and TL2)(0) = 
1 1 7 . 9 7 ,  i t  i s  ev iden t   f rom F i g .  7 and  Eq.  (4.73b) t ha t  the  r a t i o  
o f   t h e   c o n t r i b i t i o n  o f  t h e   c o r r e c t i o n   t e r m   i n  Eq.  ( 4 . 7 3 b )  t o  the  
quasi-homogeneous  term  evaluated a t  k = 0 i s  

c = - 7  117.97 ( L;)2 

=: 4 .7  (2)  2 

( 4 . 7 4 )  

Using the same r e a s o n i n g  as i n  t h e  p rev ious   example ,  we f i n d   f o r  
t h e   p r e s e n t   e x a m p Z e   t h a t  when L, 5 7 L,, t h e   i n s t a n t a n e o u s   s p e c t r u m  
w i Z Z  show a s t r o n g Z y  rounded knee   ( for   a22  vaZues of x), whereas  
when L, > 13 L,, t he   nonhomogeneous   e f f ec . t s  w i Z Z  be   v i r tuaZZy   un -  
d e t e c t a b T e   i n   t h e   s p e c t r u m .  

1. " 
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I n   t h e  f i r s t  example   o f  t h e  m o d u l a t i n g   f u n c t i o n   i l l u s t r a t e d   i n  
F i g .  8 ,  i n   i n t e g r a t i o n   o f  t h e  i n s t a n t a n e o u s   s p e c t r u m  @,(k,x) wi th  
r e s p e c t  t o  x t o   o b t a i n  the c o u n t e r p a r t   t o  the  u s u a l   s p e c t r u m  com- 
pu ted   f rom  expe r imen ta l   measu remen t s ,  t h e  e f f e c t s   o f  t h e  nonhomo- 
.geneous r i s e  i l l u s t r a t e d   i n   F i g .  8 would  soon be  a v e r a g e d   o u t   i n  
t h e   i n t e g r a t i o n ,  s o  t h a t  t h e   e f f e c t s   o f   e v e n  a v e r y   r a p i d  r i se  
might n o t  show  up n o t i c e a b l y   i n  a spec t rum  obta ined   f rom  measured  
t u r b u l e n c e   v e l o c i t i e s . *  However, t h e  m o d u l a t i n g   f u n c t i o n   i l l u s -  
t r a t e d  i n   F i g .  1 0  d o e s   n o t   a p p r o a c h   a n   a s y m p t o t i c a l l y   c o n s t a n t  
v a l u e   ( o t h e r   t h a n   z e r o ) ;   c o n s e q u e n t l y ,   a n y   e f f e c t s   o n  t h e  spec t rum 
p r e d i c t e d  by Eq .  (4 .73b)   would show  up i n   a n   i n t e g r a t e d   i n s t a n t a -  
neous   spec t rum as we l l ;  t ha t  i s ,  i n  t h e  ord inary   spec t rum  computed  
from measured v e l o c i t i e s .  

A p p l i c a t i o n   t o  a R e c o r d e d   V e l o c i t y   H i s t o r y  

It i s  o f   c o n s i d e r a b l e   i n t e r e s t   t o   d e t e r m i n e  i f  measured 
r e c o r d s   o f   a t m o s p h e r i c   t u r b u l e n c e   h a v e   n o n s t a t i o n a r y   e f f e c t s   o c c u r -  
r i n g   s u f f i c i e n t l y   r a p i d l y   f o r   s u c h   e f f e c t s   t o  be m a n i f e s t e d   i n  
t h e i r  s p e c t r a .  For mos t   r eco rds ,  i t  would  seem tha t  s u c h  non- 
s t a t i o n a r y   e f f e c t s   o c c u r  too slowly.  However,  the  r e c o r d  shown i n  
F i g .  11 has n o n s t a t i o n a r y   b e h a v i o r   s u f f i c i e n t l y   r a p i d  t o  show  up 
i n  i t s  spec t rum.  

S i x   " b u r s t s "   o f   t u r b u l e n c e  a re  i n d i c a t e d   b y   a r r o w s   i n  t h e  
v e r t i c a l   t r a c e  shown i n   F i g .  11. I n   e a c h   o f   t h e s e   s i x   b u r s t s ,  t he  
peak v a l u e s   a p p e a r  to be a t   l e a s t  f o u r  times t h e  rms l e v e l s   i n  t h e  
immedia t e   ne ighborhoods   o f   t he   bu r s t s ,   and  we m u s t   t h e r e f o r e   r e g a r d  
t h e i r  behav io r  as nonhomogeneous ( o r   n o n G a u s s i a n ) .  The nominal 
" d u r a t i o n s "  T, o f  these b u r s t s   a r e   r e 1 a t e . d  to c o r r e s p o n d i n g   l e n g t h s  
L, by 

where V i s  t h e  m e a s u r i n g   a i r c r a f t  spee*d,  which was 1 7 2 . 2  m/sec 
( 5 6 5   f t / s e c )   f o r  t h e  r e c o r d  shown i n  F i g .  11. Consequent ly ,   apply-  
i n g  t h e  r e s u l t s   o f  t h e  p rev ious   example ,  we f i n d  t h a t  i f  

s t rong   smoo th ing   o f  t h e  knee   o f  t h e  von Karman spec t rum w i l l  b e  
caused  by t h e  bursts,  whereas, i f  

*This  conc lus ion   wou ld   appea r  to d i f f e r  f rom  the   conc lus ion   d rawn  
by Houbolt  [ I ] .  See t h e  d i scuss ion   accompany ing   Houbo l t ' s   F ig .  19. 
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(4 .77)  

The s c a l e   o f  t h e  homogeneous  component L, o f  t h e  v e r t i c a l  
r e c o r d  shown i n   F i g .  11 was not   computed .  L e t  u s  assume tha t  i t  i s  
137.16 m (450 f t ) ,  which i s  the  s c a l e  o f  t h e  v e r t i c a l   r e c o r d  shown i n  
Fig. 2 and  which i s  t h e   s c a l e   d e t e r m i n e d   f r o m   a n o t h e r   l o w - a l t i t u d e  
v e r t i c a l   r e c o r d   t o  be  d i s c u s s e d   i n  t h e  n e x t   s e c t i o n .   T h u s ,   o u r   c r i -  
t e r i o n   f o r   s t r o n g   s m o o t h i n g   o f  t h e  knee i s ,  from Eq. ( 4 . 7 6 ) ,  

-%- 5 5  
< x 6 4 5 0  = 5 .6   s ec  , 

whereas o u r   c r i t e r i o n   f o r   n e g l i g i b l e   s m o o t h i n g   o f  t h e  knee i s  

Comparing t h e  d e f i n i t i o n  o f  T~ imp l i ed   by   F ig .  1 0  w i th  t h e   v e r t i c a l  
r e c o r d  shown i n   F i g .  11, i t  i s  e v i d e n t   t h a t  t he  first two  and l a s t  
two bursts w i l l  c a u s e   s t r o n g   s m o o t h i n g  o f  t h e   k n e e   o f  t h e  von 
Karman s p e c t r u m   s i n c e  t h e i r  n o m i n a l   d u r a t i o n s  are  o f  the  o r d e r   o f  
T~ : 2 s e c ,  whereas t h e  m i d d l e  two b u r s t s  would   p robably   cause  
weak b u t   d e t e c t a b l e   s m o o t h i n g ,   s i n c e  t h e i r  n o m i n a l   d u r a t i o n s  a r e  
o f   t h e   o r d e r   o f  z 7 s e c .  

G e n e r a l   C r i t e r i o n   f o r   N e g l i g i b l e   E f f e c t  o f  Nonhomogeneous 
Behavior on Shape o f  Spectrum 

When t h e   " c o r r e c t i o n  term" e x p r e s s e d  by t h e   s e c o n d  term i n   t h e  
r i g h t - h a n d  s ide  o f  E q .  ( 4 . 5 3 )  is n e g l i g i b l e   i n   c o m p a r i s o n  w i t h  t he  
f i r s t  term f o r  all v a l u e s   o f   x ,  t h e  nonhomogeneous  behavior  mani- 
fes ted  by v a r i a t i o n s   i n   ~ ( x )  w i l l  n o t  show up i n  the  spec t rum of 
w(x)   computed   i n  the  u s u a l  way.  Combining E q s .  ( 4 .48 )   and  ( 4 . 5 3 ) ,  
we have  

( 4 . 8 0 )  
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c o n s e q u e n t l y ,   o u r   c r i t e r i o n   f o r   n e g l i g i b l e   e f f e c t s   o f  nonhomogene- 
ous  b e h a v i o r   o n  th.e s h a p e   o f  t he  spec t rum i s  

( 4 . 8 1 )  

Examinat ion   of  the  c u r v e s   f o r  n = 0 and = 2 i n   F i g .  7 shows t h a t  
the  l a r g e s t   f r a c t i o n a l   c o n t r i b u t i o n   o f  Tz2)(L k) o c c u r s  a t  the  
o r i g i n  k = 0 and t h a t  if t h e  c o n t r i b u t i o n  o f  ghe term cor re spond ing  
t o  * )  ( 0 )  i s  less  t h a n   a b o u t  3% of  the  c o n t r i b u t i o n  mL '1 ( 0 ) ,  t h e  
c o r r e c t i o n  term w i l l  c a u s e   n e g l i g i b l e   s m o o t h i n g   o f  the  knee   o f  the  
von Karman t r a n s v e r s e   s p e c t r u m .  By combining Eqs. (4 .65)   and  
( 4 . 8 1 )  w i t h  t h i s  f a c t ,  ou r  c r i t e r i o n  for n e g l i g i b l e   e f f e c t   o f  the  
nonhomogeneous  behavior i s  

o r  

(4 .82 )  

where L i s  t h e   i n t e g r a l   s c a l e  o f  t h e  homogeneous  component z(x) 
i n  E q .  73.11, which was assumed t o  have a von Karman t r a n s v e r s e  
s p e c t r u m   i n   a r r i v i n g  a t  t h e   i n e q u a l i t y   i n  E q .  ( 4 . 8 2 ) .  
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APPLICATION O F  THE METHOD TO NONHOMOGENEOUS 

TURBULENCE RECORDS 

I n  t h i s  s e c t i o n ,  t he  me thods   desc r ibed  i.n t h e   p r e v i o u s  two 
s e c t i o n s  are  a p p l i e d   t o  two  nonhomogeneous   tu rbulence   record ings .  
The r e s u l t s  a r e  found t o  b e   c o n s i s b e n t  w i t h  t h e  g e n e r a l   c o n c l u s i o n s  
drawn  from t h e  i d e a l i z e d   e x a m p l e s   d e s c r i b e d   i n   S e c .  4.5.  

E v a l u a t i o n  o f  S p e c t r u m  o f  Homogeneous  Cpmponent  o f  a 

" S l o w "  B u r s t  o f  T u r b u l e n c e   U s i n g   t h e   A r c s i n  Law 

To i l l u s t r a t e  t h e  se r ies  e x p a n s i o n   d e r i v e d   i n  the p r e v i o u s  
s e c t i o n   a n d   t o   v e r i f y  t h e  g e n e r a l   c o n c l u s i o n s   d r a w n   i n   S e c s .  4 .5  
t o  4.7,  we use  Eq.  ( 4 . 1 1 )  t o   d e v e l o p  here  t h e  i n s t a n t a n e o u s   s p e c -  
trum o f  t h e  "slow" b u r s t  of  t u r b u l e n c e  shown i n  t h e  v e r t i c a l   r e c o r d  
o f   F i g .   1 2 .  

The f i rs t  s t e p  i s  t o   d e t e r m i n e  t h e  spec t rum  o f  t he  homogene- 
o u s   c o m p o n e n t   z ( t >   o f   E q .   ( 3 . 1 )   u s i n g   " i n f i n i t e "   c l i p p i n g   a n d  the  
s i n e   t r a n s f o r m a t i o n   o f   E q .   ( 3 . 2 0 ) .  The a c t u a l   r e c o r d   u s e d  was t h e  
p o r t i o n   o f  t h e  v e r t i c a l   r e c o r d   b e t w e e n   t h e   t w o   v e r t i c a l   m a r k s  
shown  on the l o w e s t   t r a c e   i n   F i g .  1 2 .  The time i n t e r v a l   b e t w e e n  
the  v e r t i c a l  marks i s  from 6 2 . 0 0  t o   1 1 0 . 6 5   s e c ,   w h i c h   r e p r e s e n t s  
a s p a t i a l   i n t e r v a l   o f   9 , 1 4 4  m (30 ,000  f t ) ,  s i n c e  t h e  measured a i r -  
c r a f t   s p e e d  was 187.97  m/sec ( 6 1 6 . 7  f t / s e c ) .  

The p r o c e d u r e   u s e d   t o   c o m p u t e   t h e   s p e c t r u m   o f  t h e  s t a t i o n a r y  
component was e x a c t l y  t h e  same as tha t  d e s c r i b e d   i n   S e c s .   3 . 3 ,  3 . 4 ,  
and  Appendix B o f  t h i s  r e p o r t   u s i n g  t h e  " i n f i n i t e "   c l i p p i n g   p r o -  
c e d u r e .  The v a l u e   o f  M used i n  Eq. ( B . l )  was 962.4 m (3157.5  f t ) ,  
which i s  e q u i v a l e n t  t o  a d u r a t i o n   o f  5.12 s e c  o r  512 d i s c r e t e  
s a m p l e   p o i n t s   o f  t h e  r e c o r d .  

The spectrum  computed  from the  i n f i n i t e l y   c l i p p e d   s a m p l e ,  
c o r r e c t e d   f o r   c l i p p i n g   u s i n g  t h e  s i n e   t r a n s f o r m a t i o n   o f   E q .   ( 3 . 2 0 )  
and   smoo thed   by   t he   Papou l i s  window f u n c t i o n   d e s c r i b e d   i n   A p p e n d i x  
B, i s  shown i n   F i g .   1 3 .  The spec t rum shown i n   F i g .  1 3  i s  normal- 
i z e d  s o  t h a t  i t  r e p r e s e n t s   t h e  wavenumber  spectrum  of a r e c o r d   w i t h  
u n i t  mean s q u a r e   v a l u e .  (The mean v a l u e   o f  t h e  p o r t i o n   o f  t h e  
r eco rd   be tween  t h e  v e r t i c a l  marks was computed   and   sub t r ac t ed   ou t  
b e f o r e  t h e  c l i p p i n g   o p e r a t i o n .  ) 

To d e t e r m i n e  t h e  i n t e g r a l   s c a l e   o f  t h e  homogeneous  component 
o f  t h e  v e r t i c a l   r e c o r d  shown i n   F i g .  1 2 ,  t h e  t r a n s v e r s e   v o n  Karman 
spec t rum was smoothed b y  t h e  same P a p o u l i s  window u s e d   i n   t h e  com- 
p u t a t i o n   o f  t h e  spec t rum shown i n   F i g .   1 3 .  T h i s  p r o c e d u r e  is de- 
s c r i b e d   i n   A p p e n d i x  C .  The v a l u e   o f  M used  was 962.4 m (3157.5 f t ) ,  
and  t h e  v a l u e   o f  o 2  = 1 was used ,  as was t h e  c a s e   f o r   t h e   s p e c t r u m  

54 



I 

12.2 
3 
0 

-12.2 
-24.4 

F I G .  12. N O N H O M O G E N E O U S   T U R B U L E N C E   R E C 0 , R D S   F R O M   T E S T   N O .  191, L E G   N O .  2 OF T H E  
L O - L O C A T   P R O G R A M .  (From Jones e t  aZ, p .  205) 

! 



0.0001 0.001 0.01 0.02 

k, f t "  

1 I I I I 1 1 1 1 1  I I I I I I l l  1 
3105 x 10-5 3.05 X 1 0 ' ~  3.05 X 6.1 x 10-3 

k ,  rn" 

F I G .  13. W A V E N U M B E R   S P E C T R U M   O F   H O M O G E N E O U S   C O M P O N E N T  z ( x )  O F  
T H E   P O R T I O N   B E T W E E N   T H E   T W O  M A R K S  OF THE V E R T I C A L  
R E C O R D  SHOWN IN F I G .  12 .  S P E C T R U M   N O R M A L I Z E D   T O  UNIT 
V A R I A N C E  (r2 = 1,  A N D   S M O O T H E D  B Y  P A P O U L I S   N I N D O W  
F U N C T I O N .   S P E C T R U M   C O M P U T E D   F R O M   C L I P P E D   R E C O R D .  



shown i n   F i g .  13. The smoothed  von  Karman  spectra are shown i n  
Fig. 1 4  f o r  i n t e g r a l   s c a l e s  of  L = 121 .92 ,  152.4, 182.88, 243.84, 
and 304.8 m (400, 500, 600,  800,  and 1000 f t ) .  The spec t rum  of  
F ig .   13  i s  a l s o   r e p l o t t e d   i n   F i g .  14. It i s  e v i d e n t  that  the 
s p e c t r u m   o f   F i g .  13 conforms  reasonably  well t o  the von Karman 
spec t rum with a n   i n t e g r a l   s c a l e  of abou t  137.16 m (450 f t ) .  

Method o f  E v a l u a t i o n  o f  M o d u l a t i n g   F u n c t i o n  ~ ( x )  

The v e r t i c a l   r e c o r d  shown i n   F i g .  12 has a r e l a t i v e l y   s m o o t h  
' 'envelope"; tha t  i s ,  the  nonhomogeneous  var iance  of  the r e c o r d  
m o n o t o n i c a l l y   i n c r e a s e s  t o  a maximum v a l u e   i n  a smooth   fash ion   and  
t h e n   m o n o t o n i c a l l y   d e c r e a s e s ,   a l s o   i n  a smoo th   f a sh ion .  This  
b e h a v i o r   s u g g e s t s  tha t  i t  should  be p o s s i b l e  t o  r e p r e s e n t   a d e q u a t e l y  
the nonhomogeneous   s tandard   devia t ion   u(x)   o f   the   model  o f  Eq. ( 3 . 1 )  
by a po lynomia l   o f  4th degree  [ i . e . ,  r e p r e s e n t   a d e q u a t e l y   a ( x )   b y  
a polynomial   of  4-t;h degree*  f o r  t h e   p o r t i o n  of  t h e   v e r t i c a l   r e c o r d  
o f  F i g .  1 2  be tween   t he  two marks].  

The   advan tage   o f   u s ing  a p o l y n o m i a l   o f   f i n i t e  degree t o  
r e p r e s e n t   a ( x )  i s  tha t ,  f o r  t h i s  r e p r e s e n t a t i o n ,  the  s e r i e s   e x p a n -  
s i o n ,  Eq. (4.11) c o n t a i n s  a f i n i t e  n u m b e r   o f   t e r m s ;   t h e r e f o r e ,  
t h e r e   c a n  be  no  problem wi th  convergence o f  t h e   e x p a n s i o n .  If a ( x )  
i s  a polynomia l  of  deg ree  N, t h e n  it i s  immediately ev iden t   f rom 
Eq. (4.22) that  a11 a n ( x )   a r e   i d e n t i c a l l y   z e r o   f o r  n > 2N, s i n c e  
e v e r y  term i n   a n ( x )   c o n t a i n s  a d e r i v a t i v e  of a ( x )  of o rde r   n /2  o r  
h ighe r .   Consequen t ly ,  when a ( x )  i s  a polynomia l   o f  4th d e g r e e ,  
the s e r i e s   e x p a n s i o n  o f  Eq .  ( 4 . 1 1 )  r e d u c e s  t o  

n=even 

E x p r e s s i o n s   f o r   a n ( x ) ,   f o r  n = 0 t o  8,  a r e   c o n t a i n e d   i n   A p p e n d i x  E. 
I n   u s i n g   t h e   e x p r e s s i o n s  fo r  t he  a n ( x )   i n   A p p e n d i x  E,  n o t i c e  tha t  
t h e   d e r i v a t i v e s  o f  a(x) of o r d e r   l a r g e r   t h a n  4 a r e   z e r o  when a(x) 
i s  a polynomia l   o f  4th degree .  

To e s t i m a t e   a ( x )  f o r  t h e   v e r t i c a l   r e c o r d   i l l u s t r a t e d   i n   F i g .  
1 2 ,  Legendre   po lynomia ls   were   used .   F i r s t ,  t h e  r e c o r d  was squa red  
a n d   t h e  f irst  f o u r   L e g e n d r e   e x p a n s i o n   c o e f f i c i e n t s ,  b;, of t he  
" ins tan taneous"   squared   record   w(x)   were   computed? :  

*A polynomial  o f  4th degree  i s  the   l owes t   o r .de r   po lynomia l  t h a t  

+ I n  Eq. (5.2), the  o r i g i n  o f  t h e  c o o r d i n a t e  x   has   been   chosen   in  
p e r m i t s   t h r e e   s t a t i o n a r y   p o i n t s ,   e . g . ,   o n e  maximum and  two  minima. 

t h e   c e n t e r  o f  t h e   e x p a n s i o n   i n t e r v a l ,   i . e . ,  x ranges   f rom -D/2 t o  
tD/2 .  
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2m + 1 D/2 b; = D LD/2 w2(x)   Pm(2x/D)dx , m = 0,1,2,3,4 

where   the   Legendre   po lynomia ls  Pm(E)  u s e d   i n  Eq.   5 .2  are 

T h e   e x p a n s i o n   i n t e r v a l ,   d e f i n e d   b y  t h e  two l i n e s   o n  t h e  v e r t i c a l  
r e c o r d  shown i n   F i g .   1 2 ,  i s  (-D/2) < x < ( D / 2 ) ,  where D = 9 1 4 4  m 
( 3 O , O O O  f t ) .  The estimate $ ' ( x )   o f  t h e  nonhomogeneous  variance 
0 2 ( x )  o f  t h e   v e r t i c a l   r e c o r d   p r o v i d e d  by the   Legendre   expans ion  i s  

4 
a 2 ( x )  = 1 b; Pm(2x/D) 

m= 0 
( 5 . 4 )  

The l eas t  s q u a r e s  p r o p e r t y  o f  Legendre   po lynomia l   expans ions   au to-  
m a t i c a l l y   i n s u r e s  t h a t  G 2 ( x )  i s  t h e  l ea s t  s q u a r e s  best  f i t  o f  a 4 t h  
d e g r e e   p o l y n o m i a l  t o   w 2 ( x )   w i t h i n  t h e  9144-m ( 3 0 , 0 0 0 - f t )   i n t e r v a l  D.  

To avo id   conve rgence   p rob lems   i n  t h e  s e r i e s  expans ion  o f  
@,(k,x) i t  i s  n e c e s s a r y  t h a t  a ( x )   [ a n d   n o t   0 2 ( x ) ]  be  a polynomia l .  
To p r o v i d e  a p o l y n o m i a l   r e p r e s e n t a t i o n   o f   a ( x ) ,  t h e  s q u a r e   r o o t  of 
t h e  4 t h  degree   po lynomia l   o f   Eq .  ( 5 . 4 )  was computed  and  then 
expanded i n  Legendre   po lynomia l s ,   whose   expans ion   coe f f i c i en t s  are,  
t h e r e f o r e ,  

D/ 2 - 
bm - 2m; I -D/2 d m  Pm(2x/D)dx , m = 0 ,1 ,2 ,3 ,4  . ( 5 . 5 )  

Thus,  t h e  4 t h  d e g r e e   p o l y n o m i a l   a p p r o x i m a t i o n   t o  a(x) u s e d   i n  t he  
r e m a i n d e r   o f   t h e   c a l c u l a t i o n  i s  
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4 

where t h e   p o l y n o m i a l s   P m ( 5 )  are d e f i n e d  by  Eq. ( 5 . 3 ) .  

We may check t h e  adequacy   of  t h e  r e p r e s e n t a t i o n   o f  Eq. ( 5 . 6 )  
v i s u a l l y  by p l o t t i n g  t h i s  r e p r e s e n t a t i o n   o n  t h e  o r i g i n a l   r e c o r d .  
However, as i s  e v i d e n t   f r o m  t h e  p l o t   o f  t h e  n o r m a l   p r o b a b i l i t y  
d e n s i t y   f u n c t i o n  shown i n   F i g .  1 5 ,  t h e  v a l u e  of 2u  i s  a b e t t e r  mea- 
sure t h a n  u o f  t h e  enveZope  o f  a Gaussian  random  process .   Conse-  
q u e n t l y ,  w e  h a v e   p l o t t e d   i n   F i g .  1 6  2 3 ( x ) ,  computed b y  Eq. ( 5 . 6 ) .  
The ,"random f u n c t i o n "  shown i n   F i g .  1 6  i s  a n   e n l a r g e d   v e r s i o n  o f  
the 9144-m (30,OOO-ft) p o r t i o n   b e t w e e n  t h e  two marks o f  t he  v e r t i -  
c a l  r e c o r d  shown i n   F i g .  1 2 .  Comparison  of t he  c u r v e   2 8 ( x )   i n  
F i g .   1 6  w i t h  the v e l o c i t y   r e c o r d  shown,  and w i t h  t h e  normal   proba-  
b i l i t y   d e n s i t y   o f   F i g .   1 5  would seem t o   i n d i c a t e  t h a t  3 ( x )  i s  a n  
e x c e l l e n t   r e p r e s e n t a t i o n   o f  t h e  " i n s t a n t a n e o u s "   s t a n d a r d   d e v i a t i o n  
o f  t h e  nonhomogeneous r e c o r d .  

Ser ies   Expans ion  o f  I n s t a n t a n e o u s   S p e c t r a  f o r  
Records o f  F in i te   Length  

If w e  assume t h a t  t h e  4 t h  d e g r e e   p o l y n o m i a l   r e p r e s e n t a t i o n   o f  
u ( x )  p r o v i d e d  by  Eq. ( 5 . 6 )  i s  a n   e x a c t   d e s c r i p t i o n ,   t h e n  t h e  r e p r e -  
s e n t a t i o n   o f  t h e  i n s t a n t a n e o u s   s p e c t r u m   p r o v i d e d  by  Eq. ( 5 . 1 )  i s  
a l s o   e x a c t .  However, t h e  r e p r e s e n t a t i o n  o f  a ( x )  provided  by  Eq. 
( 5 . 6 )   i m p l i c i t l y   d e s c r i b e s  u ( x )  o v e r   a n   i n f i n i t e   i n t e r v a l   o f   x ,  
whereas we know t h a t  i t  can  be v a l i d   o n l y   o v e r  t h e  9144-m 
(3OYOOO-ft) i n t e r v a l  ( - D / 2 )  < x < ( D / 2 ) ,  a s  i s  i n d i c a t e d   i n   F i g .  
16.   Thus,  we m u s t   e x p l i c i t l y   i n c l u d e  t h i s  r e s t r i c t i o n   o f  t he  
i n t e r v a l   s i z e   i n   o u r  ser ies  r e p r e s e n t a t i o n .  

This  c a n  be accompl ished  b y  d e f i n i n g  

o r ,  e q u i v a l e n t l y ,  

w ( x )  = r e c t  ( E )  w(x) , X 
- 

where r e c t  ( e )  i s  t h e  r e c t a n g u l a r   f u n c t i o n  
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(5 .9)  

The i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n  o f  w ( x )   t h e r e f o r e  may 
be e x p r e s s e d  as - 

where $ ( 5 , ~ )  i s  t h e  i n s t a n t a n e o u s   a u t o c o r r e l a t i o n   f u n c t i o n  of 
w ( x > ,  azd where 

D 
9 1x1 ' 2 

Consequen t ly ,   app ly ing  t h e  c o n v o l u t i o n   t h e o r e m   t o  Eq .  ( 5 . 1 0 ) ,  we 
may e x p r e s s  t h e  i n s t a n t a n e o u s   s p e c t r u m  o f  w ( x )   i n  terms of  the  
i n s t a n t a n e o u s   s p e c t r u m  o f  w(x); i . e . ,  

- 

00 

Q w ( k , x )  = Qr(k -v ,x )   Qw(v ,x )dv  
i m  

( 5 . 1 2 a )  - 

where Q r ( v , x )  i s  t h e  i n s t a n t a n e o u s   s p e c t r u m  o f  t h e  r e c t a n g u l a r  
f u n c t i o n  of  w i d t h  D; i . e . ,  



Combining Eq.  (5 .12a )  w i t h  t he  ser ies  e x p a n s i o n ,  E q .  (5 .1 ) ,  
gives 

n=even 

where we have d e f i n e d  

I n  summary, t h e  c h a n g e   i n  t h e  s e r i e s  e x p a n s i o n   o f  Eq. ( 5 . 1 ) ,  
b r o u g h t   a b o u t  by t h e  r e d e f i n i t i o n ,  Eq. ( 5 . 7 ) ,   o f  t h e  t u r b u l e n c e  
p r o c e s s  i s  t o   r e p l a c e  t h e  e x p a n s i o n   f u n c t i o n s  @ d n ) ( k )  o f  t h e  
homogeneouscomponent z(x) b y  t h e  e x p a n s i o n   f u n c t i o n s   d e f i n e d  by 
E q .  ( 5 . 1 5 b ) .  The new e x p a n s i o n   f u n c t i o n s  O S n ) ( k , x )  a r e  f u n c t i o n s  
o f  x as wel l  as k ,  whereas t h e  o r i g i n a l   e x p a n s i o n   f u n c t i o n s  are 
i n d e p e n d e n t   o f   x .   I n   f a c t ,   t h e  new e x p a n s i o n   f u n c t i o n s  a r e  
wavenumber-smoothed  vers ions  of  t h e  o r i g i n a l   e x p a n s i o n   f u n c t i o n s .  
I t  may be seen   f rom  Eqs .  ( 5 . 1 1 )  and   (5 .15  t h a t  f o r  small v a l u e s  
o f  1x1 r e l a t i v e l y  l i t t l e  smoo th ing   o f  @$n (k) t a k e s   p l a c e   i n  t h e  
o p e r a t i o n   o f  E q .  (5.15), whereas when 1x1 a p p r o a c h e s  t h e  v a l u e  of  
D/2,  i . e . ,  t h e  e n d p o i n t s   o f  t h e  i n t e r v a l   o v e r   w h i c h  t h e  e x p a n s i o n  
i s  v a l i d ,  a c o n s i d e r a b l e  amount o f   s m o o t h i n g   o f   @ i n ) ( k )  takes 
p l a c e   i n   t h e   o p e r a t i o n   o f  Eq. ( 5 . 1 5 ) .  The c o e f f i c i e n t s   a n ( x )   i n  
Eq.   (5 .14)  a re  t h e  same f o r  t h e  expans ion   of   w(x)  as t h e y  a re  i n  
Eq. (5 .  l), t h e  e x p a n s i o n   o f  w ( x ) .  

- 

E x p r e s s i o n s   f o r  t h e  o r i g i n a l   e x p a n s i o n   f u n c t i o n s  @ i n ) ( k )  a r e  
p r o v i d e d  by Eqs .   (4 .48b)   and   (4 .63 ) .  The e x p a n s i o n   f u n c t i o n s  
@An) ( k , x )  may b e  e f f i c i e n t l y  computed  from t h e  @ $ n ) ( k )  by numeri- 
c a l l y   c o m p u t i n g  t h e  ( i n v e r s e )   F o u r i e r   t r a n s f o r m s   o f  t h e  o r i g i n a l  
e x p a n s i o n   f u n c t i o n s ,  i . e . ,  by  f i r s t  computing 
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According  t o  Eqs.  ( 5 . 1 6 ) ,   ( 5 . 1 5 ) ,   ( 5 . 1 3 )   a n d   ( 5  1 1, and t h e  con- 
v o l u t i o n   t h e o r e m ,  the  new e x p a n s i o n   f u n c t i o n s  Q2 b-d ( k , x )  may t h e n  be 
computed  by - 

The f irst  term i n  Eq .  ( 5 . 1 4 )  i s  n o   l o n g e r  a quasi-homogeneous  ap- 
p r o x i m a t i o n   t o  t h e  i n s t a n t a n e o u s   s p e c t r u m   b e c a u s e   o f  t h e  smoothing 
o f  t h e  homogeneous   spec t rum  descr ibed   by   Eqs .   (5 .15)   and   (5 .17) .  

I n   o r d e r   t o   c o m p u t e  the  c o e f f i c i e n t s   a n ( x ) ,  n = 2 , 4 , 6 , 8   i n  
Eq. ( 5 . 1 4 )   f r o m   t h e   r e p r e s e n t a t i o n   f o r   u ( x )   g i v e n   b y  Eq. ( 5 . 6 )  
u s i n g  the f o r m u l a s   f o r  t h e  a n ( x )   g i v e n   i n   A p p e n d i x  E ,  w e  need 
e x p r e s s i o n s   f o r  t h e  d e r i v a t i v e s  of 3 ( x ) .  These d e r i v a t i v e s  may be  
o b t a i n e d  by  d i f f e r e n t i a t i o n  of E q .  ( 5 . 6 ) :  

where w e  have   used  the  " c h a i n   r u l e "   a n d  t h e  d e f i n i t i o n  

U i g t h e  n o t a t i o n  a = 2 / D ,  w e  g i v e   i n  T a b l e  1 t h e  e x p r e s s i o n s   f o r  
P,J 9 3 ( a x ) ,   w h i c h  were o b t a i n e d  by d i f f e r e n t i a t i n g  t h e  Legendre 
po lynomia l s   o f  Eq .  ( 5 . 3 ) .  

T A B L E  1. T A B L E  OF EXPRESSIONS FOR PAj)(ax) 

m = O  m = 4  m = 3  m = 2  m = l  

j = O  + c 3 5 ( a x ) ~ - 3 0 ( a x ) 2 + 3 1  $5(ax)3-3ax1 1 ,[3(ax)2-11 1 
a x  1 

j=1 ,C35(ax)3-l!3ax>l  1 T[15(ax )z -31  1 3ax 1 0 

j = 2  

105ax 1 5  0 0 0 j = 3  

,Clo5(ax)2-151 1 15ax 3 0 0 

I j = 4  II 0 I 0 I 0 I 0 I 105  1 

I. . 



Eva lua t ion  o f  I n s t a n t a n e o u s   S p e c t r a  o f  " S l o w "  
Burst o f  T u r b u l  ence 

It i s  e v i d e n t   f r o m   F i g .  7 tha t  the  maximum v a l u e s   o f  the mag- 
n i t u d e s  o f  the i n d i v i d u a l  terms i n  Eq .  ( 5 . 1 )   o c c u r  a t  wavenumber 
k = 0. According t o  Eq.  ( 5 . 1 ) ,  t h e  v a l u e   o f   Q w ( k , x ) ,   e v a l u a t e d  a t  
k = 0,  i s  

n=even 

n=even 

where w e  have  used E q .  ( 4 . 4 8 )   i n   g o i n g  t o  t h e  

9 (5 .20 )  

s e c o n d   l i n e .  The 
terms i n  t h e  r i g h t - h a n d   s i d e   o f  E q .  ( 5 . 2 0 )  h a v e   b e e n   p l o t t e d   i n  
F i g .   1 7   f o r  t he  c a s e  where a Z ( k )  i s  t h e  von Karman t r a n s v e r s e   s p e c -  
trum with i n t e g r a l   s c a l e  of L = 137.16 m (450  f t )  (as was i l l u s -  
t rated i n   F i g .  1 4 ) .  In computing the  c u r v e s  shown i n   F i g .   1 7 ,  we 
used the  v a l u e s  o f  T&n) (O)   g iven  by Eq.  ( 4 . 6 5 ) ;   t h e   v a l u e s  of 
a n ( x )  were computed  using t h e  r e p r e s e n t a t i o n   o f   a ( x )   g i v e n  by 
Eq. (5 .6)  and shown i n   F i g .   1 6 .  The d e r i v a t i v e s   o f   a ( x )  were com- 
p u t e d   u s i n g  Eq. (5 .18)   and  T a b l e  1, and t h e  a c t u a l   e v a l u a t i o n  of 
t h e  a n ( x > ,  n = 0,2,4,6,8  f rom the  d e r i v a t i v e s  was c a r r i e d   o u t  
u s i n g  the e x p r e s s i o n s   f o r  t h e  a ' s  g iven   i n   Append ix  E. 

The a c t u a l   c u r v e s   p l o t t e d   i n   F i g .   1 7  are l o n  t i m e s  t h e  i n d i -  
v i d u a l  terms i n  Eq. (5 .20 ) .   Consequen t ly ,  t o  a f i rs t  .approximation,  
each  term c o n t r i b u t e s   a p p r o x i m a t e l y   o n e   p e r c e n t   o f  t he  p r e c e d i n g  
term i n  t h e  ne ighborhood  of  x = 0,  where t h e  maximum v a l u e   o f   8 ( x )  
o c c u r s ,  as i s  shown i n   F i g .   1 6 .  We t h e r e f o r e   c o n c l u d e  t ha t ,  f o r  
p r a c t i c a l   p u r p o s e s ,  a l l  c o r r e c t i o n   t e r m s   i n  E q s .  ( 5 . 2 0 )   a n d   ( 5 . 1 )  
are n e g l i g i b l e   i n  t h e  p r e s e n t   a p p l i c a t i o n ;   t h u s ,  we  may approximate  
t he  i n s t a n t a n e o u s   s p e c t r u m   o f  t h e  r e c o r d  shown i n  F ig .  1 6  by t h e  
quasi-homogeneous  approximation 

which i s  the first term of  the  expans ion ,  Eq: (5.1), s i n c e  
a , ( x )  = a 2 ( x ) .  

d r a w n   f r o m   o u r   b u r s t   o f   t u r b u l e n c e   e x a m p l e   d i s c u s s e d   i n   S e c .   4 . 5  
Th i s  r e s u l t  i s  c o m p l e t e l y   c o n s i s t e n t  w i t h  t h e   c o n c l u s i o n s  
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F I G .  17. M A X I M U M   V A L U E S  OF TERMS I N  E X P A N S I O F I  O F  I N S T A N T A N E O U S   S P E C T R U M   O F  
NONHOMOGENEOUS  VERTICAL  RECORD SHOWN I N  F I G .  12 .  (See E q .  5 . 2 0 . )  



a n d   i l l u s t r a t e d   i n   F i g .  1 0 .  It was c o n c l u d e d   i n   S e c .  4.5 t h a t  
when L, 1. 13 L , t he  nonhomogeneous e f f e c t s  w i l l  n o t  be  e a s i l y  
d e t e c t a b l e   i n  the spec t rum.  It i s  e v i d e n t   f r o m   F i g s .  1 0  and  1 6  
t h a t  a d e f i n i t i o n   o f  L, f o r   t h e   r e c o r d  shown i n   F i g .   1 6 ,   e q u i v a l e n t  
t o  the d e f i n i t i o n   i m p l i c i t   i n ' F i g .  1 0 ,  y i e l d s   f o r  t h e  c a s e  shown i n  
Fig.  16, L, z 4572 m (15,000 f t )  - i . e . ,  one -ha l f   o f  t h e  r e c o r d  
l e n g t h .   C o n s e q u e n t l y ,   s i n c e  we de te rmined  t h a t  L, 2 137.16 m 
(450 f t ) ,  we have f o r  t h e  r e c o r d  shown i n   F i g .   1 6  (L,/L,) z 
(15,000/450)  = 33.3,   which i s  much la rger  t h a n  t h e  " t h r e s h o l d   o f  
d e t e c t i o n "  (Lo /Lz)  = 13.   Thus,  w e  c o u l d   n o t   e x p e c t   t h e   c o r r e c t i o n  
terms i n  Eq .  ( 5 . 1 )   t o   c o n t r i b u t e   s i g n i f i c a n t l y   i n  t h e  c a s e   o f  the 
r e c o r d  shown i n   F i g .  1 6 .  

A s  a consequence   of   Eq .   (5 .21) ,  w e  s h o u l d   e x p e c t  the  u s u a l  
( e n e r g y )   s p e c t r u m   o f  t h e  nonhomogeneous  record  shown i n  F ig .  1 6  t o  
h a v e   t h e  same form as the s p e c t r u m   o b t a i n e d  b y  i n f i n i t e   c l i p p i n g '  
a n d   u s e  o f  the  a r c s i n  law. T h i s  ( e n e r g y )   s p e c t r u m  was computed i n  
t h e   u s u a l  way from t h e  9144-m (30 ,000-f t )   segment   shown  in   F ig .   16 .  
I n   c o m p u t i n g  t h i s  spec t rum,  w e  used  t h e  same P a p o u l i s  window  func- 
t i o n  as was u s e d   i n   c o m p u t a t i o n   o f  t he  spec t rum shown i n   F i g .   1 3 .  
A compar ison   of  t h e  two s p e c t r a  i s  shown i n   F i g .   1 8 ,  where i n   b o t h  
c a s e s ,   t h e   s p e c t r a  a r e  n o r m a l i z e d   t o  a va lue   o f  o 2  = 1 ( s i n c e  t h e  
o r i g i n a l   r e c o r d  i s  nonhomogeneous). It i s  e v i d e n t   f r o m   F i g .   1 8  
that  n o   s y s t e m a t i c   d e v i a t i o n   o f   a n y   c o n s e q u e n c e   o c c u r s -   b e t w e e n  the  
t w o   s p e c t r a .  T h i s  r e s u l t  i s  c o n s i s t e n t  w i t h  Eq .  ( 5 . 2 1 ) .  

Cdmputat ion o f  i n s t a n t a n e o u s   s p e c t r a  o f  r e c o r d s   w i t h   l e n g t h -  
s caZed   modu la t ing   f unc t ions   o f   t he   shape   shown   i n  F i g .  1 6 .  By 
k e e p i n g  the  shape o f  t h e  m o d u l a t i n g   f u n c t i o n   o ( x )  t h e  same, b u t  
s c a l i n g  i t s  l e n g t h  D = 9144 m (30,000 f t )  t o   s h o r t e r   v a l u e s ,  w e  can  
d e t e r m i n e  t h e  v a r i o u s   d e g r e e s   o f   e f f e c t   s u c h   l e n g t h - s c a l e d   v e r s i o n s  
of t h e  m o d u l a t i n g   f u n c t i o n  shown i n   F i g .  1 6  w i l l  have  on the  i n -  
s t a n t a n e o u s   s p e c t r a   o f   t u r b u l e n c e   r e c o r d s .  T h i s  i n v e s t i g a t i o n  has 
b e e n   c a r r i e d   o u t  by u s i n g  Eq. ( 5 . 1 4 )   t o   c o m p u t e  t h e  i n s t a n t a n e o u s  
s p e c t r a   o f   t u r b u l e n c e   r e c o r d s   f o r   v a l u e s   o f  D of  9 1 4 4 ,  3048,  1524, 
and  762 m (30,000,  10,000, 5000,  and  2500 f t ) ,  f o r   c a s e s  where the 
homogeneous  component z ( x )   o f   t h e   m o d e l   o f  E q .  ( 3 . 1 )  has a von 
Karman t r a n s v e r s e   s p e c t r u m  w i t h  a n   i n t e g r a l   s c a l e   o f  L = 137.16 m 
(450 f t ) .  T h e s e   c a l c u l a t i o n s   u s e d   l e n g t h - s c a l e d   v e r s i o n s   o f   t h e  
m o d u l a t i n g   f u n c t i o n  ,(x) i l l u s t r a t e d   i n  F i g .  1 6  a n d   d e s c r i b e d  
ma themat i ca l ly   by   Eq .   (5 .6 ) .  

Compar isons   o f  the  i n s t a n t a n e o u s   s p e c t r a   e v a l u a t e d   b y  Eq. 
(5 .14 )  a t  t h e  v a l u e  x = 0 ( the  midpoin t   o f  t h e  i n t e r v a l s   o f   l e n g t h  
D )  are  shown i n   F i g .  19 f o r  the  f o u r   v a l u e s   o f  D ment ioned   above .  
T h e   s p e c t r u m   f o r  D = 9144 m (30 ,000  f t )  i s  i n d i s t i n g u i s h a b l e   f r o m  
t h e  von Karman t r a n s v e r s e   s p e c t r u m .  The s p e c t r u m   f o r  D = 3048 m 
(10,000 f t )  shows a v e r y   s l i g h t   s m o o t h i n g   o f  t h e  knee ;  the  spec t rum 
f o r  D = 1524 m (5000 f t )  shows a s t r o n g   s m o o t h i n g   o f   t h e   k n e e ,   a n d  
the s p e c t r u m   f o r  D = 762 m (2500 f t )  shows  an   even   s t ronger   smooth-  
i n g .  
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The a b o v e   r e s u l t s  are c o n s i s t e n t  w i t h  ou r   conc lus ions   d rawn  
from the b u r s t  o f   t u r b u l e n c e   e x a m p l e   d i s c u s s e d   i n   S e c .  4.5 and 
i l l u s t r a t e d   i n   F i g .  1 0 .  A s  w e  ment ioned  above,  a d e f i n i t i o n   o f  L, 
f o r  t h e  m o d u l a t i n g   f u n c t i o n  shown i n  Fig. 1 6 ,   e q u i v a l e n t   t o  t h e  
d e f i n i t i o n   i m p l i c i t   i n   F i g .  10, i s  L, =: D/2 .  Thus ,   us ing  
L, = 137.16 m (450 f t ) ,  w e  h a v e   f o r  D = 3048 m (10,000 f t )  
( L  /L,) z (5000/450) = 11.1; f o r  D = 1 5 2 4  m ( 5 0 0 0  f t )  (L,/Lz) z 
5.9; a n d   f o r  D = 762 m (2500 f t )  (La/Lz) z 2.8. It was de te rmined  
i n  t h e  d i s c u s s i o n   o f   S e c .   4 . 5   t h a t   s m o o t h i n g  of the knee   shou ld  
become j u s t   d e t e c t a b l e   f o r  a v a l u e   o f  (L,/Lz) =: 13, w h e r e a s   s t r o n g  
smoo th ing   o f  t h e  k n e e   s h o u l d   t a k e   p l a c e   f o r   v a l u e s   o f  (L,/Lz> 1. 7.  
The b e h a v i o r   o f  t he  s p e c t r a  shown i n   F i g .  19 are complet.ely  con- 
s i s t e n t  w i t h  these r e s u l t s .  

The a b o v e   r e s u l t s  f u r t h e r  r e i n f o r c e  the c o n c l u s i o n s ' d r a w n   i n  
Sec .  4 . 6  t o  the e f f e c t   t h a t   t n e  f i r s t  and l a s t  two b u r s t s   o f  
t u r b u l e n c e  marked on the  v e r t i c a l   r e c o r d   i n   F i g .  11 would  cause 
s t rong   smoo th ing   o f  t h e  knee  of  t h e  von Karman spec t rum,  whereas, 
the   midd le   two   bu r s t s   wou ld   cause  weak, b u t   d e t e c t a b l e ,   s m o o t h i n g .  

I n   F i g .  2 0 ,  t h e   i n s t a n t a n e o u s   s p e c t r a   c o m p u t e d  by E q .  ( 5 . 1 4 )  
f o r  a v a l u e   o f  D = 762 m (2500 f t )  are compa,red w i t h  t r a n s v e r s e  
von  Karman s p e c t r a   f o r   v a l u e s   o f  x o f  -190.5,  0 ,  and  190 .5  m 
(-625, 0 ,  and  625 f t ) .  The von  Karman,spectrum that  e a c h   o f  the  
computed   spec t r a  i s  compared w i t h  i s  t h e  s p e c t r u m   r e s u l t i n g   f r o m  
t h e  f i r s t  term i n  Eq. (5 .1 ) ,   wh ich  i s  the  quasi-homogeneous  ap- 
p r o x i m a t i o n .   E a c h   o f  t h e  s p e c t r a  shown i n   F i g .  2 0  shows  appreci-  
able d e v i a t i o n   f r o m  t h e  von Karman spec t rum.  

C o m p a r i s o n  o f  S p e c t r a   o f   F l i g h t  3 2 ,  R u n  4 Computed  i n  t h e  
C o n v e n t i o n a l  Way a n d   C o m p u t e d   U s i n g  I n f i n i t e .  

C l i p p i n g   a n d  t h e  Arcsin Law 

The v e r t i c a l   v e l o c i t y   r e c o r d   o f  NASA Lang ley   F l igh t   32 ,  Run 4 ,  
has a r e l a t i v e l y   s l o w l y   ( m o r e  o r  l e s s )  m o n o t o n i c a l l y   i n c r e a s i n g  
v a r i a n c e .   B e c a u s e   o f   t h e   g r a d u a l   r a t e   o f   c h a n g e   o f  t h e  v a r i a n c e ,  
w e  d i d  n o t   e x p e c t  t h i s  nonhomogeneous  behavior t o  have   any   apprec i -  
ab le  e f f e c t   o n  t h e  shape   o f   t he   spec t rum  o f  t h e  r e c o r d .  T h i s  con- 
j e c t u r e  was v e r i f i e d  by computing the  s p e c t r a   o f  t h e  l a s t  400 s e c  
o f   t h e   r e c o r d  (where the   s t ronges t   nonhomogeneous   behav io r   occu r red )  
i n  two ways .  The spec t rum was computed i n   t h e   c o n v e n t i o n a l  way,  
u s i n g  a P a p o u l i s  windows f u n c t i o n  w i t h  a v a l u e  of M = 4807 m 
(15,770 f t ) *  (see Appendix B ) .  T h i s  c o n v e n t i o n a l   s p e c t r u m  i s  dis- 
p l a y e d  i n   F i g .  2 1 .  The spec t rum was a l so   computed  by  i n f i n i t e  
c l i p p i n g  (a f te r  s u b t r a c t i o n   o f  t h e  mean value  of   -0 .1988 rn/sec 
( - 0 . 6 5 2 1   f t / s e c )   a n d  a f t e r  c o r r e c t i o n   f o r  t he  i n f i n i t e   c l i p p i n g  

*Speed   o f   measu remen t   a i r c ra f t  was 188 m/sec (616  f t / s e c ) .  
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u s i n g  the s i n e   t r a n s f o r m a t i o n  o f  Eq. (3 .20) .   The same P a p o u l i s  
window f u n c t i o n  was u s e d   i n   b o t h   s p e c t r u m   c a l c u l a t i o n s .  

S i n c e   i n f i n i t e   c l i p p i n g   d e s t r o y s  a l l  a m p l i t u d e   i n f o r m a t i o n  
a n d ,   t h e r e f o r e ,   a n y   e f f e c t s   d u e   t o  the  nonhomogeneous  var iance,  it 
fo l lows   t ha t   good   ag reemen t   be tween   t he  two  computed s p e c t r a , w o u l d  
v e r i f y   t h e   c o n j e c t u r e  t ha t  the   nonhomogeneous   var iance   has   negl ig i -  
b l e  e f f e c t  on t h e  s h a p e   o f   t h e   s p e c t r u m ,   s i n c e   t h e   c o n v e n t i o n a l  
s p e c t r u m   c a l c u l a t i o n   w o u l d   r e t a i n  a n y  e f f e c t s   c a u s e d  by  t h e  non- 
homogeneous  var iance.  It may b e  seen   f rom  F ig .  2 1  t ha t  l i t t l e  
s y s t e m a t i c   d i f f e r e n c e   o c c u r s   b e t w e e n  t h e  two s p e c t r a .   C o n s e q u e n t l y ,  
we must   conclude t h a t  the   nonhomogeneous   va r i ance   o f   t he   r eco rd  has 
l i t t l e  e f f e c t  on the  shape   o f   t he   spec t rum,  as expec ted .   Because  
t h e   r e c o r d  has a n o n h o m o g e n e o u s   v a r i a n c e ,   b o t h   s p e c t r a   p l o t t e d   i n  
F i g .  2 1  h a v e   b e e n   n o r m a l i z e d   t o   u n i t   v a r i a n c e .  

I n   F i g .  2 2 ,  t h e  two s p e c t r a  are p l o t t e d   t o g e t h e r  w i t h  a f ami ly  
of  von Karman t r a n s v e r s e   s p e c t r a  w i t h  i n t e g r a l   s c a l e s   o f   1 2 1 . 9 2 ,  
1 5 2 . 4 ,  182.88,   243.84,   and  304.8 m ( 4 0 0 ,  500, 600, 800,  and 
1000 f t ) .  A l l  von  Karman s p e c t r a  shown h a v e   u n i t   v a r i a n c e   i n  
agreement  w i t h  t h e   m e a s u r e d   s p e c t r a .  It i s  e v i d e n t  tha t  t he  mea- 
s u r e d   s p e c t r a ,   c o m p u t e d   i n   b o t h  w a y s ,  c o n t a i n  more  low-frequency 
power   than   any   of   the   von  Karman s p e c t r a  shown and t h a t  t h i s  
devia t ion   f rom  von  Karman behav io r   canno t  be a t t r i b u t e d   t o  non- 
homogeneous   behav io r   o f   t he   t ype   desc r ibed  by  t he  un i fo rmly  modu- 
l a t e d   m o d e l   o f  Eq. ( 3 . 1 ) .  
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A P P E N D I X  A 
C U M U L A T I V E   P R O B A B I L I T Y   D I S T R I B U T I O N   F U N C T I O N  OF 

V E R T I C A L   V E L O C I T Y   C O M P O N E N T   O F   T E S T   N O .  1 9 0 ,  

L E G  NO. 5 OF L O - L O C A T   P R O G R A M  

T h e   c u m u l a t i v e   p r o b a b i l i t y   d i s t r i b u t i o n   f u n c t i o n  P(W) i s  
d e f i n e d  as 

J- w 

where  p(w) i s  t h e  ( e m p i r i c a l l y   d e t e r m i n e d )   p r o b a b i l i t y   d e n s i t y  
f u n c t i o n .  P(W) i s  t a b u l a t e d   b e l o w  as a f u n c t i o n   o f   v e l o c i t y  W mea- 
s u r e d   i n   f t / s e c .  The measured mean v a l u e   a n d   s t a n d a r d   d e v i a t i o n  
are  also l i s t e d .  These data were computed  from t h e  v e r t i c a l   v e l o -  
c i t y  component  of Test No. 1 9 0 ,  Leg No. 5 o f   t h e  LO-LOCAT program. 

Mean Value = - . 0 3 9  m/sec ( - 0 . 1 2 8  i % / S e C )  

S t a n d a r d   D e v i a t i o n  = 2 . 9 4  m/sec ( 9 . 6 3  f t / s e c )  
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APPENDIX B 
COMPUTATIONAL P R O C E D U R E  FOR DETERMINATION OF 

SPECTRA OF HOMOGENEOUS SAMPLE 

C o n v e n t i o n a l   P o w e r   S p e c t r u m   C a l c u l a t i o n  

The t u r b u l e n c e   v e l o c i t y   r e c o r d s  were r e c o r d e d  as f u n c t i o n s  of 
time t .  We wished t o  compute  wavenumber s p e c t r a ;   h e n c e ,  time co- 
o r d i n a t e  t was c o n v e r t e d   t o   s p a t i a l   c o o r d i n a t e  X by i n v o k i n g  
T a y l o r ' s   h y p o t h e s i s ,  i . e . ,  x = V t ,  where V i s  t h e  s p e e d   o f   t h e  a i r -  
c r a f t   c a r r y i n g   o u t   t h e   m e a s u r e m e n t s .  

The F o u r i e r   t r a n s f o r m  o f  t h e  f r equency   smoo th ing   func t ion   u sed  
was CIS1  

(B.1) 

Not ice  t h a t  po ( E )  has a t o t a l   l e n g t h   o f  2M meters. C o n s e q u e n t l y ,   t o  
p r e v e n t   a l i a s i n g   e r r o r s ,  i t  was n e c e s s a r y  t o  add M "meters of   zeros"  
t o   o u r   o r i g i n a l   r e c o r d .  

Denote t h e  a c t u a l   l e n g t h   o f  t h e  r e c o r d  by 22" meters. Then, 
a f t e r  t h e  a d d i t i o n   o f  t h e  M meters o f  z e r o s ,   o u r   t o t a l   r e c o r d   l e n g t h  
was 2R meters. The f i r s t  s t e p   i n   t h e   c o m p u t a t i o n  was t o  form t h e  
(unsmoothed)  wavenumber  spectrum  of t h e  r e c o r d   w ( x ) :  

where, as noted   above ,  w ( x ) ,  as used i n  Eq. (B.2), is i d e n t i c a l l y  
z e r o   i n  t he  i n t e r v a l  ( 2 R - M )  < x < 2R. Once Q2(k) was computed, 
i t s  ( f a s t )  i n v e r s e   F o u r i e r   t r a n s f o r m  was computed,   which  yielded 
t h e  s a m p l e   a u t o c o r r e l a t i o n   f u n c t i o n  

Smoothing ( i . e . ,  c o n v o l u t i o n )   i n  t h e  wavenumber  domain i s  equiva-  
l e n t   t o   m u l t i p l i c a t i o n   i n  i t s  t r ans fo rm  domain .   Consequen t ly ,   t he  
n e x t   s t e p  was t o   m u l t i p l y  RR(E) by t h e  t ransform,   Eq .  (B.l), of 
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I 

the f r e q u e n c y   s m o o t h i n g - f u n c t i o n   a n d   t h e n   t o  (fast)  F o u r i e r   t r a n s -  
form the r e s u l t i n g   p r o d u c t ,  a f t e r  c o r r e c t i o n   o f  R R ( C ) ,  f o r . ' t h e  
f i n i t e   l e n g t h  (2R-M) o f  t h e  o r i g i n a l   s a m p l e .   T h e   r e s u l t i n g   t r a n s -  
form i s  

@ p ( k )  i s  O W  frequency-smoothed  spectrum  computed i n  t h e  "conven- 
t i o n a l  way", a n d   c o r r e c t e d   f o r   f i n i t e   s a m p l e   l e n g t h .  

In   comput ing  the  c o n v e n t i o n a l   s p e c t r u m   d i s p l a y e d   i n   F i g .  4 ,  a 
v a l u e   o f  M = 932 .1  m (3058 f t )  was u s e d   i n  t h e  window f u n c t i o n   o f  
Eq. ( B . 1 ) .  Th i s  v a l u e   c o r r e s p o n d e d   t o  512 samples   o f  the  r e c o r d   a n d  
t o  5.12 s e c   o f  t h e  o r i g i n a l   r e c o r d ,   s i n c e  t h e  sampl ing  r a t e  was 1 0 0  
samples / sec .  The m e a s u r e m e n t   a i r c r a f t   s p e e d  was 182  m/sec (597 .3  
f t / s e c ) ,   a n d  t h e  t o t a l   d u r a t i o n   o f  t h e  r e c o r d  was 270  sec ,   which  
y i e l d e d  a t o t a l   o f  27,.000  samples  used i n   t h e   t r a n s f o r m   o f  Eq. ( B . 2 ) .  

P o w e r   S p e c t r u m   C a l c u l a t i o n   F r o m   I n f i n i t e l y  C1 i p p e d  
R e c o r d   U s i n g   " A r c s i n  Law" C o r r e c t i o n  

The. same r e c o r d   o f   l e n g t h  22-M meters was used   t o   compute  t h e  
p o w e r   s p e c t r u m   u s i n g   " i n f i n i t e   c l i p p i n g "   a n d  t h e  " a r c s i n  law". 
The f i r s t  s t e p  was t o   s u b t r a c t  t h e  mean v a l u e   o f  m = -0.039  m/sec 
( - 0 . 1 2 8   f t / s e c )   f r o m  t h e  r e c o r d .  The s i g n   o f   e a c h   o f  t he  c o r r e c t e d  
samples  was t h e n   e x a m i n e d ;   p o s i t i v e  samples were a s s i g n e d  a v a l u e  
of  +1 a n d   n e g a t i v e  samples were a s s i g n e d  a v a l u e   o f  -1. Any sample 
i d e n t i c a l l y   e q u a l   t o   z e r o  was g i v e n  t h e  v a l u e   o f  the  p r e c e e d i n g  
sample. L e t  u s   c a l l  t h e  r e s u l t i n g  waveform z ( x > .  M "meters o f  
z e r o s "  was t h e n  added t o   z ( x )  a n d   r e s u l t e d   i n  a r e c o r d   o f   t o t a l  
l e n g t h   e q u a l   t o  2R meters. The sample spec t rum QRz(k) of t h e  
r e s u l t i n g   r e c o r d  was then  computed:  

Q R z ( k )  = - -i2.rrkxdx 
2 R - M  /l 

The i n v e r s e   F o u r i e r   t r a n s f o r m   o f  Q g z ( k )  was computed  next ,   which 
y i e l d e d  the s a m p l e   a u t o c o r r e l a t i o n   f u n c t i o n   o f  t h e  " c l i p p e d f 1  wave- 
form : 

8 1  



T h e   s a m p l e   a u t o c o r r e l a t i o n   f u n c t i o n   c o r r e c t e d   f o r   f i n i t e   s a m p l e  
l e n g t h - i s ,   t h e r e f o r e ,  RRz(S)/(l - a). The a u t o c o r r e l a t i o n  
f u n c t i o n   c o r r e c t i o n   o f  Eq. ( 3 . 2 0 )  was t h e n   u s e d   t o   c o r r e c t   t h e  
a u t o c o r r e l a t i o n   f u n c t i o n  o f  t h e   c l i p p e d   s i g n a l ;  i . e . ,  

was formed. The F o u r i e r   t r a n s f o r m   p , ( E ) ,   g i v e n  b y  Eq. ( B . l )  o f  
t h e  f r equency   smoo th ing   func t ion ,  was t h e n   m u l t i p l i e d  by RL(S), 
and t h e  F o u r i e r   t r a n s f o r m  o f  t h e  r e s u l t i n g   p r o d u c t  was t h e n   t a k e n :  

The f u n c t i o n  Q p ( k )  i s  t h e  spec t rum  ob ta ined   f rom the  i n f i n i t e l y  
c l i p p e d   s i g n a l ,   a n d   c o r r e c t e d  for t h e  c l i p p i n g   o p e r a t i o n .  The 
v a l u e s   o f  0 ( k ) ,  computed i n  t he  above  manner, a re  shown i n  F i g .  4. 

P 
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A P P E N D I X  C 
C O M P U T A T I O N A L   P R O C E D U R E   F O R   S M O O T H I N G   O F  

von K A R M A N   T R A N S V E R S E   S P E C T R U M  
,q 1: 
F 1: The unnormalized  form  of  t h e  ( two-s ided)   von  Karman t r a n s -  

v e r s e   s p e c t r u m  i s  

Q K ( k )  = 0 2 L  1 + 188.75  L 2 k 2  

[1 -k 70.78 L2k2]11’ 
9 

J-_m(k)dk m = o2 

where k i s  wavenumber i n   c y c l e s / u n i t   d i s t a n c e ,   a n d  L i s  t h e  i n t e -  
’ gra l  s c a l e .  The e x a c t   v a l u e s  o f  t h e  c o n s t a n t s   i n  E q .  (C.l) are t h e  

l e f t - h a n d  sides o f  

and. 

where r ( 0 )  i s  t h e  gamma f u n c t i o n .  

We wish  t o  compute a wavenumber  smoothed  version o f  t h e  von 
Karman t r a n s v e r s e   s p e c t r u m ,  where t h e  wavenumber  smoothing  funct ion 
must be t h a t  u s e d   i n   s m o o t h i n g  the  e m p i r i c a l l y   d e t e r m i n e d   s p e c t r a ,  
as d e s c r i b e d   i n   A p p e n d i x  B .  To accompl i sh  t h i s ,  we sha l l  u s e  the 
f a c t  t h a t  t h e  i n v e r s e   F o u r i e r   t r a n s f o r m   o f  t h e  s m o o t h i n g   o p e r a t i o n  
(a c o n v o l u t i o n )  i s  t h e  p r o d u c t  o f  t h e  ( i n v e r s e )   t r a n s f o r m   o f  t h e  
s m o o t h i n g   f u n c t i o n   a n d  the  ( i n v e r s e )   t r a n s f o r m  of  t h e  von Karman 
spec t rum - t h i s  l a t t e r  q u a n t i t y   b e i n g  t h e  a u t o c o r r e l a t i o n   f u n c t i o n ,  



( C . 6 ) .  

This   smoothed  spectrum i s  a f u n c t i o n   o f  t h e  v a r i a n c e  o 2  a n d   i n t e -  
g ra l  s c a l e  L of t h e   t u r b u l e n c e .  However ,   us ing  the  method  out-  
l i n e d   b e l o w ,  it i s  n e c e s s a r y  t o  c a l c u l a t e  t h e  i n v e r s e   F o u r i e r  
t r a n s f o r m   o f  t h e  von Karman spec t rum  on ly   once .  

Def ine  a d i m e n s i o n l e s s  wavenumber by  

- A  k = L k  , 

a n d   d e f i n e  a normal ized   von  Karman t r a n s v e r s e   s p e c t r u m  by 

(C.7) 

According  t o  E q s .  (C.l), (C.7), and (C.8), t h e  unncrmalized  von 
Karman spec t rum may be  e x p r e s s e d   i n   t e r m s  of  the normal ized   spec-  
t rum by 

Q K ( k )  = 0 2 L  T ( L k )  . ( C . 9 )  

Def ine ,  as  i n  E q .  (C.51, t h e  von Karman t r a n s v e r s e   a u t o c o r r e l a t i o n  
f u n c t i o n  by 

J- w 

If we d e f i n e  a no rma l i zed   l eng th   measu re  by  

(C.10) 

- a  5 - < / L  , 

8 4  

(C.11) 



and  a normal ized   von  Karman t r a n s v e r s e   a u t o c o r r e l a t i o n   f u n c t i o n  by 

(C.12) 

f r '  
\:E t h e n ,   a c c o r d i n g  t o  Eqs. (C.10) t o  (C.12), we may e x p r e s s  $,(c) as 

@ , ( E )  = o 2  O(E/L) . - 

From E q .  (C.ll), we have 

C = L f  . (C.14) 

It follows t ha t  computa t ion  of  $ ( E ) ,  u s i n g  E q .  ( C . 1 2 ) ,  a t  v a l u e s  
o f  5 = nAz, n = 0,1,2,**= p r o v i d e s   v a l u e s  of @ , ( E )  a t  v a l u e s  of 
nA5 = nLAT, n = 0,1,2,*-*, i . e . ,  

" 

@K(nLAr)  = CT' i ( n A r )  , n = a n y   i n t e g e r  . ((2.15) 

The r e l a t i o n s h i p  o f  E q .  ( C . 1 5 )  was used   t o   compute  $ , ( E )  f o r  d i f -  
f e r e n t   v a l u e s  o f  t h e  i n t e g r a l  scale L. 

Families of  smoothed  von Karman t r a n s v e r s e   s p e c t r a   a r e  d i s -  
p l a y e d   i n   F i g .  c .  1, C.2, and c .  3 f o r   v a l u e s   o f  M = 6 0 9 . 6  m 
( 2 0 0 0  f t ) ,  1 2 1 9 . 2  m ( 4 0 0 0  ft), a n d  i n f i n i t y   ( w h i c h   c o r r e s p o n d s   t o  
no   smooth ing) .  
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” 400 f t  12 1.92 rn 
500 f t  152.40 rn 

600 f t  182.88 rn 

800 ft 243.84 rn 

1000 f t  304.80 rn 

. . . .. . . . . . . . - 

.-.- 
””- 

I 

lo-‘ 
k,  f t  \’ 

10-2  

F I G .  C.l. F A M I L Y  OF v o n  K A R M A N   T R A N S V E R S E   S P E C T R A   S M O O T H E D   W I T H  
P A P O U L I S - q I ’ N D O W  [ M  = 6 0 9 . 6  rn (2000 f t ) ] .  
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c 
s 

0 
CI 

' O r  l o 3  .-.-.-. "" 
W..." ................ 
""-, 

- 
- 

1 0 2  - - - - 
- 
- 
- 

10 
J 

" 400 f t  1 2 1.92 m 
500 ft 1 52.40 m 
600 ft 1 82.88 m 

.-.- 800 ft 243.84 m 
1000 304.80 m 

......... " - 
""- 

I 

I I I I I t 1 1  

M = 1219.2 m 

10" 10-3 

k ,  f t "  

10'2 

L I I " I . I - I 1 1 1  I I I ~~~ I I I l l  I I I I I I l l  1 
3.05 X IO+ 3.05 X  IO-^ 3.05 X 

k, m" 

F I G .   C . 2 .  F A M I L Y  OF von KARMAN T R A N S V E R S E   S P E C T R A   S M O O T H E D   W I T H  
P A P O U L I S   W I N D O W  CM = 1 2 1 9 . 2  m (4000  f t ) ] .  



k, f t "  

J I  1 
3.05 X 3.05 x 

k.  rn" 

F I G .  C.3. F A M I L Y   O F  U N S M O O T H E D  von K A R M A N   T R A N S V E R S E   S P E C T R A  
( M  = INFINITY). 
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A P P E N D I X  D 
S T A T I S T I C A L   C O N F I D E N C E   O F   V A R I A N C E   E S T I M A T E S  

The s t o c h a s t i c   p r o c e s s  w ( x )  may be r e g a r d e d  as t h e  r e s u l t  of 
p a s s i n g   w h i t e   G a u s s i a n   n o i s e   t h r o u g h  a f i l t e r  whose  squared 
f requency-response- func t ion   magni tude   has   the   form o f  t h e  power 
spec t rum o f  t h e   t u r b u l e n c e   v e l o c i t i e s ;  i . e . ,  the von Karman t r a n s -  
v e r s e   s p e c t r u m  o f  Eq.  ( C . 1 ) .  Consequent ly ,  w e  may u s e   t h e  well 
known r e l a t i o n s h i p ;   e . g . ,   B e n d a t   a n d   P i e r s o l  [SI, p .  260 t o  265.  

t o  compute t h e  r e l a t i v e   s t a n d a r d   d e v i a t i o n  o f  an  estimate of  t h e  
mean-square  value o f  t h e  p r o c e s s  w ( x ) ;  i . e . ,   a n  estimate o f  the 
q u a n t i t y   u 2 ( x )   o f  E q .  ( 3 . 1 ) .   E q u a t i o n  ( D . l ) ,  a p p l i e d   t o  t h e  
p r e s e n t   s i t u a t i o n ,   s h o u l d  b e  w r i t t e n  as 

where,Ak i s  t h e  " e f f e c t i v e   b a n d w i d t h "  of  t h e  wavenumber  spectrum 
of t h e  t u r b u l e n c e ,   m e a s u r e d   i n   c y c l e s  p e r  u n i t   l e n g t h ,   a n d  Ax i s  
the a v e r a g i n g   i n t e r v a l   a s   u s e d   i n   E q s .  ( 3 . 2 4 )  a n d   ( 3 . 2 5 ) .  The 
p r o p e r   d e f i n i t i o n   o f  Ak f o r   u s e   i n  Eq .  ( D . 2 )  i s ,  see Bendat  and 
P i e r s o l  [S I ,  P .  265. 

where,  i n  the p r e s e n t   a p p l i c a t i o n ,  @ ( k )  i s  t h e  von Karman t r a n s -  
ve r se   spec t rum,   g iven  by Eq. ( C .  1). 

T r a n s v e r s e  v e Z o c i t y  components .  From Eqs.  (D.3)  and (C.21, 
i t  i s  e v i d e n t  t h a t  Ak may be e x p r e s s e d  as 



hence ,  from E q .  (C.11, we have 

W 

(Ak)- ’  = 4 L 2  C1 + 188.75 L2k2I2 dk IO [l + 70.78 L 2 k 2 ] 2 2 / 6  

2 

- 4 L  - dx  

where we h a v e   s u b s t i t u t e d  

’ (D.6)  

a c c o r d i n g  t o  E q s .  ( C . 3 )  and ( C . 4 ) .  Denot ing  t h e  i n t e g r a l   i n  t h e  
r i g h t - h a n d  s ide  o f  E q .  (D.5) by I ,  we have  

P a  (1 + - x 2  i- - x ) 16 64 4 

I = j  3 9 dx . 
0 (1 + x 2 ) = L  

9 0  



Using  formula  3 .251.2  on p .  295  of   Gradshteyn  and  Ryzhik [IS], 
w e  h a v e   f o r  I :  

\ 
I 1% I = 2 1 1  B ( 2 ,  + -g- 1 6  B(l 2 ,  r) 13 + 9 32 B(;, 8 

wh e r e  

and  

r ($  = J;; , 1 

we have  

and 

( D .  11) 

(D.12) 

(D.14) 



and 

8 8  
3 = - r(3) 

( ~ . 1 6 )  

Substituting E q s .  ( D . l l )  t o  (D.16)  i n t o  (D.8)  and simplifying the 
result gives 

Finally, combining E q s .  (D.5)  and (D.17)  yields 

From Dwight [ 1 9 ] ,  p p .  132-133, we find 

Combining E q s .  (D .18)  and ( D . 1 9 )  yields, finally, 

( D .  1 8 )  

(D.20) 

92 



Combining  Eqs.   (D.2)  and  (D.20)  gives,   for t h e  r e l a t i v e   v a r i a n c e  
I ,  of   an estimate o f  t h e  mean-square  value o f  t h e  t r a n s v e r s e   v e l o c i t y  i '  component, 

( E )  ' = 1.0690 L/(Ax) . (D.21) 

L o n g i t u d i n a l   v e l o c i t y   c o m p o n e n t .  The  von  Karman  (two-sided) 
spec t rum  o f  t h e  l o n g i t u d i n a l   v e l o c i t y   c o m p o n e n t  may be  e x p r e s s e d  as 

@ ( k )  = 2uiL 1 
[l + 70 .78  L2k2I5' 

' Using E q .  (D .3 )   and   t he   f ac t  that  

W 

o 2  = 2 lo @ ( k ) d k  , 
U 

( D .  22) 

w e  have ,  for t h e   p r e s e n t   c a s e ,  

a, 

(Ak)" = 1 6 ~ ~  1 dk 
[l + 7 0 . 7 8  L2k2]sA 

1 6 ~  r ($  00 

5 f i  r(;) 

11 
- 1 
" I, (1 + x 2 ) 5 / 3  dx ' (D.24) 

where, a g a i n ,  we have used Eq. ( D . 6 ) .  The a b o v e   i n t e g r a l  may be 
e v a l u a t e d  by formula  3.251.2  on  p.   295  of  Gradshteyn  and  Ryzhik 
L-181: 
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Combining E q s .  (D.24) and (D.25), w e  have 

(D.26) 

Consequent ly ,  t h e  r e l a t i v e   v a r i a n c e  of  a n  estimate of  t h e  mean- 
s q u a r e   v a l u e  o f  t h e  l o n g i t u d i n a l   v e l o c i t y  component i s  

2 (i) = 1.7320 L / ( A x )  . (D. 28) 
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A P P E N D I X  E 
I E X P A N S I O N   C O E F F I C I E N T S   F O R   D E T E R M I N I S T I C   M O D U L A T I N G   F U N C T I O N S  

Expressions* for a,(x) to ag(x), obtained from Eq. (4.22), are 1 written out below in terms of the derivatives 

1.r 
i o(n)(x) - 4 dn a(x) 

dxn 

a,(x) = - ( u ( x )  O(~)(X) - 6a(l)(x) u ( ~ ) ( x )  
20481~~ 

*For n = odd integer,  all a,(x) are zero.  
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A P P E N D I X  F 
E X P A N S I O N   C O E F F I C I E N T S   F O R   E R G O D I C   M O D U L A T I N G   P R O C E S S E S  

For  e r g o d i c   m o d u l a t i n g   p r o c e s s  a ( x ) ,  w e  need t o  e v a l u a t e  
i n t e g r a l s   o f  t he  e x p a n s i o n   c o e f f i c i e n t s   a n ( x ) ,   w h e r e   a n ( x )  i s  g i v e n  
by Eq. ( 4 . 2 2 )  f o r  n = e v e n ,   a n d   a n ( x )  = 0 f o r  n = odd. 

Denote t h e  k t h  d e r i v a t i v e  o f  u ( x )  by u ( ~ ) ( x ) ,  i . e . ,  

I n t e g r a t i n g  by p a r t s  a t y p i c a l  term i n  E q .  ( 4 . 2 2 )  g i v e s  

L e t t i n g  k '  = k + 1, we see t h a t  t h e   i n t e g r a l   i n  t h e  r i g h t - h a n d  
s ide of E q .  ( F . 2 )  may be  expressed as  

which has t h e  same form as t h e  l e f t - h a n d  s i d e  of Eq. ( ~ . 2 )  ( w i t h  
k = k ' ) .  Hence, we have 
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'A' 

where k" = k '  + 1 = k + 2 .  We may c o n t i n u e  to i n t e g r a t e  by p a r t s  
i n  t h i s  f a s h i o n ,   e a c h  time o b t a i n i n g   a n   i n t e g r a l   o f   t h e   f o r m  
1; o ( k + m ) ( x )  u (n-k-m) ( x ) d x  on t h e  r i g h t - h a n d   s i d e .  We wish to 
t e r m i n a t e  t h i s  p rocedure  a t  t h e   v a l u e  o f  m where 

k + m = n - k - m  , ( F . 5 )  

i. e . ,  where 

For t h i s  v a l u e  o f  m ,  we have 

k + m = n - k - m = -  n 
2 '  ( F . 7 )  

which i s  a n   i n t e g e r   s i n c e  n = e v e n .   C o n s e q u e n t l y ,   r e p e a t e d   i n t e g r a -  
t i o n  by p a r t s  of E q .  ( F . 4 )  g i v e s  

97 



'A 

n 2-k-1 

= C (.-l)j J k + j  ) ( x )  (5 (n-k-j-1) ( x ) ! X = B  + 
j = O  x=A 

n --k B 2 + (-1) /A CO(" '~)(X)  ]*dx . 

I n t e g r a t i n g  E q .  ( 4 . 2 2 )  o v e r  t h e  i n t e r v a l  A < x < B, w e  t h e r e f o r e  
have  

Cons ider  t h e  double   summat ion   in  t h e  a b o v e   e x p r e s s i o n  f i r s t .  
L e t t i n g  j = R - k ,  and  hence,  R = j + k i n  t h e  i n n e r  sum, we have  



(F.lO) 

However, i t  i s  immedia t e ly   ev iden t   f rom  F ig .  F . l  t ha t  f o r   a n  a rb i -  
t r a r y   f u n c t i o n  G ( k , R )  d e f i n e d   f o r   i n t e g e r   a r g u m e n t s  k and  R, w e  have 

HenCe, t h e  r i g h t   h a n d  s i d e  o f  E q .  (F .10 )  may b e  f u r t h e r   s i m p l i f i e d .  
D e f i n i n g  

we h a v e   f o r  t h e  d e s i r e d  e x p r e s s i o n  

( F . l l )  

(F.12) 
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F I G .  F . l .  I L L U S T R A T I N G   I N T E R C H A N G E  O F  O R D E R  OF 
S U M M A T  I O N .  
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F u r t h e r m o r e ,   c o n s i d e r i n g  t h e  t w o   t e r m s   i n v o l v i n g   i n t e g r a l s  Over X 
i n  the  r i g h t - h a n d   s i d e . o f  Eq. (F.9), w e  have 

where we have   u sed   t he   f ac t  that  n i s  e v e n   a n d   a l s o  E q .  (4.21) i n  
g o i n g   t o  the  n e x t   t o  t h F  l a s t  s t e p ,   a n d   w h e r e ,   i n   g o i n g  t o  t h e  l a s t  
s t e p ,  w e  have  used'  (-1)5 = i and 

n n  1 ( k )  = 2n , 
k=O 

which  fol lows  f rom t h e  b inomia l   expans ion ,  

n 

k=O 
( U + V > "  = 1 (;I u k vn-k 9 
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(F.14) 

where n i s  even ,   and  where w e  r e m i n d  t h e  reader o f  t h e  d e f i n i t i o n s  
of  a ( k ) ( x )   a n d   F ( R ; n )   g i v e n  by E q s .  ( F . l )  and  ( F . 1 1 )  r e s p e c t i v e l y .  

Equa t ion  ( F . 1 4 )  i s  a n   e x a c t   e x p r e s s i o n  for t he  i n t e g r a l  of t h e  
e x p a n s i o n   c o e f f i c i e n t s  a n ( x ) .  It c o n s i s t s  of two terms. The f i r s t  
term i n v o l v e s   d e r i v a t i v e s  of a(x) from o r d e r s   z e r o   t o   n - 1 ,   e v a l u -  
a t e d  a t  t he  e n d p o i n t s  o f  t h e  i n t e r v a l  of i n t e g r a t i o n .  The second 
term i n v o l v e s   a n   i n t e g r a l  of t h e  s q u a r e  o f  t h e   ( n / 2 ) t h   d e r i v a t i v e  
o f  a ( x ) .  

10 2 



A P P E N D I X  G 

D E R L V A T I V E S   R E Q U I R E D  FOR E V A L U A T I O N  OF E X P A N S I O N  FUNCTIONS 

After c o n s i d e r a b l e   a l g e b r a i c   m a n i p u l a t i o n ,  t h e  f i rs t  e i g h t  
d e r i v a t i v e s   o f  t h e  f u n c t i o n  f 2 ( X ) ,  r e q u i r e d   f o r   e v a l u a t i o n  of 
Eq. ( 4 . 6 3 ) ,  may be o b t a i n e d  as 



A P P E N D I X  H 

S P E C T R U M   C O M P U T A T I O N S   F O R   M O D E L  O F  A B R U P T   O N S E T  OF T U R B U L E N C E  

Here, we d e r i v e   a n   e x p r e s s i o n  f o r  a z ' ( x ) ,   g i v e n  by Eq. ( 4 . 5 2 a ) ,  
f r o m   t h e   e x p r e s s i o n s  f o r  ~ ( x ) ,  G ' ( X ) ~  and o " ( x )  given  by Eqs. ( 4 . 6 6 )  
and ( 4 . 6 7 ) .  D e f i n e  

From Eqs. ( 4 . 6 6 )  and  ( 4 . 6 7 b ) ,  we have 

O ( x )   o " ( x )  = - - s e c h '   y ( t a n h  y + t anh '   y )  ; (H.2)  2 

L; 

whereas ,  from Eq. ( 4 . 6 7 a ) ,  we have 

[ ~ ' ( x ) ] ~  = - s e c h 4  y ; 1 

L: 

hence  , 

o ( x )   o t t ( x )  - [ a ' ( x ) 1 2  = - - s e c h '   y ( t a n h  y + t a n h 2  y 
L: 
1 
2 + - sech '  y )  

However 

sech '  y = 1 - t a n h '  y ; ( H . 5 )  

t h e r e f o r e ,  

t a n h y  + t a n h 2 y  + - sech '  y = t a n h  y + t a n h 2 y  + - - - t anh 'y  1 1 1  
2 2 2  

- " ( t anh 'y  + 2 t a n h y  + 1) 2 

- " (1  + t a n h y ) '  2 

= 2 02(x) y 
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w h e r e ,   i n   g o i n g   t o  the  last  s t e p ,  we have  used Eq. (4,;. 6 6 ) .  Combin- 
i n g  E q s .  (H.4) and (H.6) w i t h  E q .  (4.52a) g i v e s  

a, ( .x)  = a 2 ( X )  s e c h 2  (2x/La) , 
2n2 L i  

which i s  t h e   r e s u l t  entered as Eq. (4.68). 
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